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CHAPTER  I 


INTRODUCTION  AND  SUMMARY 


1.1  INTRODUCTION 

Aircraft  missions  of  the  next  decade  and  beyond  are  dic- 
tating the  requirement  for  multimode  integration  of  airframe 
and  propulsion  systems  over  wide  operational  envelopes.  Air- 
craft engines  have  accordingly  become  more  sophisticated  in 
the  evolutionary  design  process  which  must  eventually  meet 
these  future  requirements. 

The  provision  for  multimode  propulsion  response,  without 
sacrificing  efficiency  or  performance,  is  achievable  by  engines 
with  variable  geometry.  Such  engines  are  controlled  by  com- 
manded internal  geometrical  changes.  This  capability  is 
achieved  at  the  expense  of  a significant  increase  in  engine 
complexity,  addition  of  actuators,  and  sensors.  The  subse- 
quent control  system  requirement  to  maintain  strict  transient 
and  steady-state  performance  specifications  forces  attention 
to  more  accurate  and  reliable  controller  implementations. 
Control  synthesis  techniques  for  such  digital  systems  must 
therefore  be  developed  and  demonstrated  to  fill  the  need  for 
accurate  response,  high  reliability,  and  compatibility  with 
state-of-the-art  digital  processing  capability. 

One  potential  control  design  technique  for  achieving 
these  objectives  is  based  on  quadratic  synthesis  methods. 

These  are  usually  identified  as  modern  control,  optimal  con- 
trol, linear-quadratic-Gaussian  (LQGj , or  linear-quadratic- 
regulator  (LQR)  methods.  They  have  undergone  extensive  theo- 
retical development.  The  results  have  indicated  that  they  can 
serve  as  the  basis  for  a systematic,  comprehensive  procedure 


to  design  practical  multivariable  digital  controllers  to 
satisfy  complex  engine  performance  requirements. 

To  evaluate  the  potential  benefits  of  these  multivariable 
design  methods,  the  Air  Force  Aero-Propulsion  Laboratory  and 
the  NASA  Lewis  Research  Center  have  cooperatively  sponsored 
a comprehensive  research  and  development  program  of  an  advanced 
multivariable  controller  for  the  FlOO  turbofan  engine. 

The  FlOO  Multivariable  Control  (MVC)  program  is  designed 
to  investigate  the  use  of  modern  control  theory  as  a design 
tool  for  advanced  aircraft  gas  turbine  engines.  Specifically, 
linear  quadratic  regulator  (LQR)  theory  is  being  investigated. 
The  LQR  techniques  have  been  successfully  used  in  the  past  and 
are  well  understood.  From  a performance  standpoint,  LQR  methods 
result  in  a feedback  controller  and  exploit  the  use  of  the 
loop  interactions  and  cross-coupling  effects  of  the  engine  in 
a constructive  manner.  The  LQR  control  modes  also  can  be 
designed  to  be  insensitive  to  engine  and  sensor  inaccuracies. 

Although  the  test  vehicle  under  this  program  is  the  Pratt 
5 Whitney  FlOO  engine,  it  should  be  noted  that  this  program  was 
designed  to  investigate  the  applicability  of  LQR  theory  and  not 
to  specifically  design  a controller  for  the  FlOO  engine.  This 
engine  was  chosen  because:  (1)  detailed  digital  and  analog/ 
digital  hybrid  simulations  of  the  FlOO  engine  were  available 
for  detailed  analysis,  and  (2)  an  actual  FlOO  engine  was  avail- 
able for  testing  at  NASA  LeRC.  The  FlOO  engine  represents 
the  current  state-of-the-art  in  aircraft  gas  turbine  technology. 
Although  not  as  complex  as  some  of  the  advanced  cycles  being 
proposed,  it  was  felt  that  the  FlOO  would  be  a worthy  challenge 
for  the  LQR  technique. 

The  program  is  distinctly  different  from  previous  efforts 
to  evaluate  LQR  theory  as  a turbine  engine  design  tool.  The 
major  issues  involved  were:  (1)  the  capability  to  accomplish 
large  power  excursions  without  exceeding  engine  or  actuator 
limits,  (2)  extending  the  controller  authority  to  the  entire 
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engine  flight  envelope,  (3)  including  realistic  nonlinear 
representations  of  the  engine  sensing  and  actuating  components, 
and  (4)  including  engine  operating  limits  and  constraints. 

These  issues  are  not  new  to  the  engine  controls  designer. 
Conventional  loop-by-loop  design  methods  must  also  contend 
with  these  problems.  It  should  be  noted  that  LQR  techniques 
are  set-point  design  methods  and  one  cannot  incorporate  large 
transient  criteria  or  control  and  plant  constraints  directly 
into  the  algorithm.  LQR  techniques  form  the  basis  of  the 
controller  but  there  is  still  a need  for  sound  engineering 
judgment  to  make  it  work.  The  results  of  this  program  repre- 
sent one  of  many  possible  solutions  to  the  problem  and  are 
intended  to  stimulate  the  growth  of  ideas  and  discussion. 

To  accomplish  these  objectives,  the  AFAPL  and  NASA-LeRC 
contracted  for  the  controller  design  to  Systems  Control,  Inc. 
(Vt)  and,  for  the  FlOO  engine  technology  expertise,  to  Pratt  § 
Whitney  Aircraft  Group,  Government  Products  Division.  The 
overall  agency  integration  is  illustrated  in  Figure  1.1. 

1 . 2 SUMMARY 

This  report  details  the  FlOO  multivariable  controller 
design  and  the  methodology  used  to  develop  that  design. 

Although  the  report  is  as  self-contained  as  possible,  it 
primarily  treats  the  controller  design  aspect  of  the  program, 
with  sufficient  detail  to  provide  both  engine  manufacturers 
and  control  agencies  a comprehensive  reference  to  the  design 
process.  Details  of  the  engine  modeling  and  control  design 
criteria  are  given  in  Ref.  1.  A comprehensive  hybrid  simu- 
lation evaluation  of  the  controller  performance  is  described 
in  Ref.  2. 
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Figure  1.1  Management  and  Technical  Integration  - 
FlOO  Multivariable  Control  System  Program 


This  report  is  organized  as  follows; 

• Chapter  II,  Fundamental  Considerations  Governing  Engine 
Control  Synthesis 

This  chapter  is  an  overview  of  the  background  of  pre- 
vious engine  control  efforts  and  of  the  underlying 
dynamic,  aerodynamic,  and  thermodynamic  considerations 
upon  which  criteria  for  advanced  engine  controllers  are 
based.  A discussion  is  then  presented  which  outlines 
essential  elements  of  LQR  design  theory,  stressing 
particular  aspects  which  were  used  for  the  detailed 
FlOO  multivariable  control  (MVC)  design. 


• Chapter  III,  Linear  Quadratic  Regulator  Synthesis 
Tecnniques 

This  chapter  is  a more  detailed  tutorial  discussion 
of  the  theory  and  application  of  linear  quadratic 
regulator  control  design  methods.  The  method  is  shown 
to  be  highly  automatable,  if  a rationale  for  engine 
mathematical  modeling  and  performance  index  specifica- 
tions is  prescribed.  The  trade-offs  in  selecting 
integral  controller  structures  are  presented  and  the 
important  issue  of  sensitivity  of  controller  perform- 
ance to  modeling  uncertainties  is  described. 

• Chapter  IV,  Design  Methodology  for  a Multivariable 
Controller 


Various  considerations  must  be  evoked  in  producing 
a practical  controller  based  on  LQR  techniques. 

In  particular,  the  FlOO  engine  is  a highly  complex 
nonlinear  system.  LQR  methods  address  the  control  of 
small  perturbations  about  specified  operating  points 
and  on  variable  trajectories  between  the  operating 
points.  A practical  engine  controller  must  accommo- 
date a diverse  set  of  operating  requirements,  a broad 
flight  envelope,  a consequently  wide  variation  in 
dynamic  behavior,  and  a large  set  of  measurements  and 
controls.  The  application  of  LQR  methods  to  such  a 
system  therefore  requires  a systematic  procedure  for 
engine  modeling,  scheduling  gains,  utilizing  appropri- 
ate integral  control  options,  and  compensating  for 
realistic  sensor  and  actuator  characteristics.  This 
chapter  discusses  these  considerations. 

• Chapter  V,  A Multivariable  Controller  for  the  FlOO 
Engine 

The  application  of  the  design  methodology  described 
in  Chapter  IV  to  the  FlOO  engine  is  detailed  in  this 
chapter.  The  controller  is  a highly  modularized 
design,  functionally  containing  the  following  elements: 
reference  schedules,  transition  logic,  integral  control 
logic,  gain  scheduling  logic,  LQR  gains,  and  sensor 
compensation.  Development  of  each  of  these  elements 
is  presented  in  detail. 


• Chapter  VI,  Evaluation  of  the  FlOO  Multivariable 
Controller 


The  digital  implementation  performance  of  the  control- 
ler is  discussed  in  this  chapter.  In  particular, 
discretization,  desensitization  to  modeling  errors, 
engine  protection,  and  failure  accommodation  aspects 
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are  examined.  The  hybrid  evaluation  is  described 
and  a summary  of  the  digital  and  hybrid  tests  on  the 
controller  is  presented. 

• Chapter  VII,  Summary,  Conclusions  and  Recommendations 

This  chapter  reviews  the  controller  design  and  design 
methodology.  Significant  issues  identified  in  the 
evaluation  phases  are  identified,  and  recommendations 
for  future  research  and  development  are  presented. 

Each  chapter  of  this  report  is  intended  to  minimally 
depend  on  the  material  in  the  preceding  or  subsequent  chapters. 
Chapter  II  is  recommended  for  those  interested  in  general 
turbine  engine  control  considerations.  For  those  interested 
in  the  theoretical  foundations  of  the  linear  and  nonlinear 
techniques  used.  Chapters  III  and  IV  should  be  addressed, 
respectively.  Chapters  V and  VI  are  for  those  interested  in 
the  actual  digital  implementation  and  the  results  of  the  per- 
formance evaluations. 
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CHAPTER  II 


FUNDAMENTAL  CONSIDERATIONS  GOVERNING  ENGINE 
CONTROL  SYNTHESIS 


The  design  of  a multivariable  controller  for  advanced 
engines  requires  simultaneous  consideration  of  full  flight 
envelope  engine  characteristics  and  state-of-the-art  control- 
ler synthesis  techniques.  This  chapter  is  an  overview  of  how 
such  a controller  design  methodology  is  approached,  the  signi- 
ficant engine  modeling  and  controller  requirements  established 
and  the  controller  itself  subsequently  developed.  As  such, 
this  chapter  represents  a summary  of  the  background,  objec- 
tives, methods,  and  performance  evaluation  criteria  which  are 
basic  to  the  content  of  the  subsequent  chapters. 

Section  2.1  summarizes  the  background  of  Government 
research  and  development  objectives  which  led  to  this  multi- 
variable  control  synthesis  program.  Section  2.2  reviews  the 
control  requirements  for  advanced  aircraft  engines,  which  is 
followed,  in  Section  2.3,  with  a discussion  of  present  control 
ler  design  methods.  Section  2.4  presents  a short  discussion 
of  modern  and  classical  control  techniques.  Section  2.5  pre- 
sents an  overview  of  multivariable  LQR  control  design  method- 
ology in  order  to  introduce  Section  2.6,  which  summarizes 
applications  of  LQR  techniques  to  aircraft  gas  turbine  engines 
Section  2.6  also  extends  the  discussion  of  Sections  2.4  and 
2.5  to  the  application  of  LQR  methods  to  nonlinear  systems. 
Section  2.7  presents  the  engine  digital  control  implementation 
and  test  considerations. 


2.1  BACKGROUND 


The  performance  requirements  of  modern,  high  technology 
aircraft  has  placed  severe  demands  on  engine  control  capability. 
To  provide  this  capability,  advanced  multivariable  control 
synthesis  methods,  implemented  digitally,  are  now  the  subject 
of  intensive  Government  research  and  development  [3].  Com- 
bining the  basic  analytical  and  test  capabilities  of  NASA- 
LeRC  and  the  applied  operational  engine  flight  and  ground  test 
capability  of  AFAPL,  such  joint  efforts  provide  the  technology 
to  develop  the  advanced  controls  necessary  to  function  in  the 
rapidly  expanding  flight  envelopes  of  present  and  future  high 
performance  aircraft. 

A major  example  of  this  on-going  development  was  the 
Integrated  Propulsion  Control  System  (IPCS)  [4-7].  The  objec- 
tive of  this  program  was  the  design  and  flight  test  of  inte- 
grated operation  of  propulsion  and  inlet  controls  to  eliminate 
adverse  effects  due  to  engine/inlet  couplings.  The  final 
report  on  the  FlllE  implementation  and  test  phase  of  the  IPCS 
program  is  given  in  Ref.  7. 

Such  an  applications  effort  is  based  on  extensive  analy- 
sis and  test  programs  being  actively  pursued  at  AFAPL  and 
NASA-LeRC.  Bentz  [3],  for  example,  discusses  the  specific 
role  of  computers  in  advanced  propulsion  systems,  an  active 
control  system  research  program  at  AFAPL.  Related  AFAPL  pro- 
grams are  directed  toward  sensor/interface/effector  technology 
and  system  hardware  technology.  Advanced  analytical  hardware 
and  test  programs  are  also  being  accomplished  at  NASA-LeRC. 

In  particular,  notable  effort  in  a digital  computer  propulsion 
control  facility  [8-12]  has  been  achieved,  and  some  of  the 
most  advanced  inlet  control  analyses  [13-16]  (including  optimal 
control  theory  [17])  and  digital  implementation  of  fuel  control 
functions  [18,19],  have  been  performed  at  NASA-LeRC. 
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From  the  above  programs,  a number  of  significant  conclu- 
sions concerning  the  development  of  advanced  engine  system  t 
controllers  have  been  reached.  Some  of  the  most  important  of 

A. 

these,  which  are  also  relevant  to  this  design  program,  are 
identified  by  Bentz  and  Zeller  for  the  IPCS  [4]  and  include, 
the  following: 

(1)  Dynamic  nonlinear  engine  simulations  are  necessary  . 

for  the  effective  design  and  test  of  engine  control 
systems.  . 

(2)  The  engine  manufacturer  should  have  the  major 
responsibility  for  the  simulation,  which  can  also 
be  used  by  the  control  manufacturer. 

(3)  A significant  step  in  the  integration  of  the  engine 
and  airframe  as  well  as  for  improving  engine  state 
performance  and  transient  stability,  is  the  devel- 
opment of  an  advanced  engine  controller.  In  par- 
ticular, varying  engine  response  to  the  environmental 
and  operational  requirements  should  be  achieved  by 
control  regulation  of  each  engine  activation 
mechanism  simultaneously. 

(4)  One  method  of  achieving  such  controller  design  is 
through  optimal  control  techniques,  as  well  as 
advanced  "classical"  control  techniques. 

In  summary,  the  requirement  for  more  precise  engine  con- 
trol arises  not  only  from  the  need  for  improved  full  flight 
envelope  engine  response,  but  also  from  the  requirement  to 
better  integrate  the  engine  with  inlet  and  airframe  controls 
[20-23].  These  objectives  must  be  based,  however,  on  a high 
performance  engine  control  regulator  which  will  allow  such 
integration.  Such  a control,  because  of  the  complexity  of 
the  engine  processes,  must  couple  many  loops,  and  this  can 
be  most  efficiently  accomplished  by  use  of  multivariable 
design  techniques,  as  opposed  to  design  on  a loop-by-loop 
basis.  This  fact  has  been  demonstrated  (analytically  and 
operationally)  in  both  aerodynamical  and  marine  technologies 
[24-26] . 
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2.2  A SUMMARY  OF  CONTROL  REQUIREMENTS  FOR  ADVANCED  AIRCRAFT 

ENGINES 

In  this  section,  the  control  requirements  for  advanced 
aircraft  engines  are  reviewed.  Basically,  these  requirements 
[27]  state  that  the  engines  must  exhibit  desired  transient  and 
steady-state  responses  while  remaining  within  safe  margins  of 
engine  thermal,  aerodynamic,  and  mechanical  limits.  In  the 
following  subsections,  these  and  other  requirements  are 
reviewed . 

2.2.1  General  Control  Requirements 

Control  requirements  applied  to  gas  turbine  engines  con- 
sist of  ensuring  safe,  stable  engine  operation.  Specific 
engine  performance  rating  points  are  generally  defined  as 
basic  steady-state  design  goals  for  the  control.  In  addition 
to  providing  the  regulation  of  engine  operation  required  to 
meet  the  steady-state  performance  specified,  the  control  must 
constrain  the  operation  within  the  various  aerodynamic,  thermo- 
dynamic and  mechanical  design  limits  of  the  engine.  Typical 
aerodynamic  limits  include  fan  and  compressor  stability, 
maximum  allowable  engine  inlet  airflow  distortion,  and  turbu- 
lence. Thermodynamic  limits  include  minimum  main  burner  or 
augmentor  fuel/air  ratios  for  stable  combustion,  minimum  fuel 
flow  for  ignition  and  maximum  fuel/air  ratios.  Mechanical  and 
structural  limitations  include  maximum  allowable  rotor  speeds, 
maximum  allowable  nozzle  flap  temperatures,  maximum  burner  case 
pressure,  rotor  creep  limits,  and  maximum  average  and  peak 
values  of  turbine  blade  metal  temperature. 

The  advent  of  additional  performance  requirements  for 
today's  supersonic  fighter  aircraft  has  amplified  these  basic 
limitations.  Specifying  aircraft  performance  capabilities 
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such  as  thrust  to  weight  ratios  of  1.0,  high  maneuverability, 
supersonic  dash  capabilities,  efficient  subsonic  cruise  and 
fast/stable  power  excursion,  tend  to  broaden  the  steady-state 
engine  rating  requirements,  and  consequently,  the  control 
regulatory  responsibility.  Implicitly,  these  requirements 
also  introduce  a multitude  of  interactive 'and  complicated 
control  and  engine  operating  problems. 

Steady-state  performance  rating  points  at  sea  level  static 
and  altitude  are  specified  in  "General  Specification  for  Turbo- 
jet and  Turbofan  Engines"  fMIL-E-5007n^  [27].  These  specifica- 
tions include  engine  power  level  rating  points  from  idle  to 
intermediate  non-augmented,  as  well  as  minimum  and  maximum 
augmented,  rating  points. 

Transient  engine  response  characteristics  are  also  speci- 
fied in  Ref.  27.  No  overspeed  or  overtemperature  beyond 
stated  transient  limits  and  no  main  burner,  augmentor,  fan  or 
compressor  instability  is  acceptable  for  any  power  lever  move- 
ment. Thrust  response  to  these 'power  lever  movements  is 
expressed  as  the  time  required  to  achieve  90  per  cent  of  the 
thrust  change.  These  requirements  are  discussed  in  detail 
in  Ref.  1. 

All  of  these  specific  steady-state  and  transient  require- 
ments must  be  satisfactorily  demonstrated  on  any  new  control/ 
engine  design. 

2.2.2  Steady-State  and  Transient  Operating  Requirements 
Leading  to  Control  Requirements 

A typical  mixed  stream,  augmented  turbofan  engine  as 
shown  in  Figure  2.1  may  incorporate,  in  addition  to  main  bur- 
ner fuel  flow  and  augmentor  fuel  flow,  variable  fan  and  com- 
pressor geometry,  compressor  bleeds,  and  variable  exhaust 
nozzle  geometry. 


Figure  2.1  Typical  Mixed  Flow/ Augmented  Turbofan  Engine 


Significance  of  Envelope  Flight  Conditions 


Specific  flight  conditions  representative  of  engine 
operating  requirements  are  the  starting  point  for  design. 

These  conditions  can  be  plotted  as  a function  of  Mach  number 
and  altitude  as  shown  in  Figure  2.2  to  form  the  engine  operat- 
ing envelope.  This  illustration  can  then  be  used  to  deduce 
the  general  operational  constraints  indicated  by  the  flight 
conditions.  As  shown  on  the  figure,  the  basic  flight  envelope 
constraints  are;  maximum  engine  inlet  pressure  (Pj2^  limit 
derived  from  burner  case  (Pg)  structural  limits  and  dynamic 
pressure  blade  loading  considerations  in  the  fan  and  compressor; 


maximum  engine  inlet  total  temperature  (T^2)  limit  derived 
from  the  basic  metal  fatigue  considerations  throughout  the 
engine  but  primarily  at  the  high  turbine  inlet  ('r'j’4)  and  on 
the  nozzle  flaps  (T^y)  for  augmented  operations;  and  minimum 
Pj2  derived  from  the  minimum  pressure  requirements  necessary 
to  achieve  stable  combustion  in  the  main  burner  and  the 
augmentor  or  afterburner. 

In  addition  to  these  basic  engine  operational  limita- 
tions, each  of  the  engine  operating  conditions,  shown  as 
points  1-7  on  Figure  2.2,  can  be  analyzed  for  specific  steady- 
state  and  transient  performance  implications  as  well  as  for 
other  implicit  structural  or  mechanical  constraints.  Table  2.1 
summarizes  an  analysis  of  the  engine  rating  points  and  associ- 
ated control  regulatory  or  protection  responsibility.  From 
this  table  and  the  preceding  figure  a detailed  list  of 
operating  considerations  can  be  derived.  These  are  the  areas 
that  must  be  concentrated  on  most  heavily  in  satisfying  con- 
trol requirements.  The  list  includes: 

(1)  Maintaining  specified  engine  thrust  over  the  entire 
flight  envelope  as  indicated  by  the  seven  discrete 
rating  points.  This  includes  an  implicit  require- 
ment for  the  control  logic  to  automatically  compen- 
sate for  slight  differences  in  engine  build-up  areas 
and  clearances  as  well  as  small  amounts  (1-2%)  of 
engine  deterioration  during  normal  duty  cycle 
utilization. 

(2)  Ensuring  sufficient  fan  and  high  pressure  compressor 
stability  margin  during  both  steady-state  and  transi- 
ent operation  at  all  flight  conditions.  This  in- 
cludes stable  operation  at  all  power  settings  for 

a given  flight  condition,  as  well  as  the  ability  to 
transition  between  flight  conditions  at  a given  power 
setting  while  maintaining  stability.  Implicit  in 
this  requirement  is  the  capability  of  the  control  to 
accommodate  and  compensate  for  disturbance  to  engine 
operations  such  as  those  caused  by  a hard  augmentor 
light  and  high  levels  of  inlet  distortion  as  defined 
in  Ref.  27.  An  additional  control  requirement  is  to 
compensate  for  degradation  in  stability  (surge  margin) 
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Table  2.1 


Typical  Engine  Evaluation  Points  and  Associated 
Operational  Considerations 


POINT 

NO. 

FLIGHT  CONDITION 

SIGNIFICANCE 

1 

Sea  Level  Take  Off 
(SLTO) 

Maximum  nun-augmented  (intermediate)  thrust  and  maximum  augmented 
thrust  rating  points  (T^^,  stability,  thrust  primary  importance). 

2 

Sea  Level  Ram 

Burner  case  pressure  limit  as  well  as  extremely  high  fm  and 
compressor  blade  and  vane  loading  along  this  boundary.  Structural 
and  vibratory  stress  problems.  Fan  and  compressor  speed  limits 
may  be  reached  here. 

3 

Supersonic  Dash 

High  steady  state  inlet  distortion  and  subsequent  reduced  stability 
margin.  Also,  hard  augmentor  light  off  and/or  blow  out  affects 
stability.  Possible  inlet  disturbance  due  to  popping  or  swallowing 
the  inlet  shock  waves  during  maneuvers. 

■ 

Extreme  Tlijhl 

Envelope  Definition 

Control  gains  must  satisfy  performance,  stability,  and  safety 
limits.  Also  distortion  and  augmentor  light  problems  as  in  3. 

In  addition,  may  reach  or  exceed  fan  and  compressor  speed 
limits. 

5 

Low  Pressure  Limited 
Flight  Condition 

Ignition  limits  for  both  main  burner  and  augmentor  occur  along  this 
boundary.  Flame  out  and  ignition  problems  typical.  Augmentor 
flame  holder  AP  too  small  to  maintain  combustion  stability. 

6 

Subsonic  Cruise  and 
Combat  Maneuvering 
Condition 

Thrust  Specific  Fuel  Consumption  and  therefore  fuel  flow  and  F/A 
ratio  important.  Transient  engine  response  characteristics  during 
combat  mission.  Also  severe  transient  inlet  distortion  due  to 
aircraft  attitude  changes. 

7 

NASA  Test  Capabi 1 i ty 
(Also  same  as  6,  i .e. , 
air  superiority  rating 
and  subsonic  cruise) 

Thrust  Specific  Fuel  Consumption  and  therefore  fuel  flow  and  F/A 
ratio  important.  Transient  engine  response  characteristics  during 
combat  mission.  Also  severe  transient  inlet  distortion  due  to 
aircraft  attitude  changes. 

due  to  Reynolds  number  effects  at  some  flight  con- 
ditions . 

(3)  Maintaining  acceptable  operation  within  the  physical 
constraints  of  maximum  turbine  blade  temperature 
limits.  This  includes  steady-state  scheduling  as 
well  as  ensuring  the  limits  on  turbine  inlet  temper- 
ature or  temperature  rates  are  not  exceeded  during 
start-up  transients,  acceleration  or  deceleration 
power  level  excursions. 

Analysis  of  the  engine  performance  evaluation  points  can 
be  very  useful  in  the  development  of  steady-state  and  transi- 
ent control  requirements.  Performance  output  measures  associ- 
ated with  each  of  the  evaluation  points  can  be  used  to  define 
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Table  2.2 

Performance  Output  Measures 


POINT 

NO. 

FLIGHT  CONDITION 

PRIMARY  CONTROL  CONSTRAINTS 

1 

Sea  Level  Take  Off 

Thrust,  overtemperature,  stability  (fan  and 
compressor) 

2 

Sea  Level  Ram 

Thrust,  transient  response  (acceleration), 
overtemperature,  stability,  burner  case 
pressure 

3 

Supersonic  Dash 

Thrust,  overtemperature,  transient  response 
distortion  tolerance,  stability,  hard  augmentor 
lights,  augmentation 

■ 

Extreme  Flight 

Envelope  Definition 

Thrust,  overtemperature,  transient  response 
distortion  tolerance,  stability,  hard  augmentor 
lights,  control  gain  scaling  point 

5 

Low  Pressure  Limited 
Flight  Condition 

Thrust,  temperature  rate  limits,  blow  out 
starting 

6 



Subsonic  Cruise  and 
Combat  Maneuvering 
Condition 

Thrust,  fuel  consumption,  overtemperature, 
stability  transient  response 

■ 

NASA  .est  Capability 
(Also  same  as  6,  i .e. , 
air  superiority  rating 
and  subsonic  cruise) 

Thrust,  fuel  consumption,  overtemperature, 
stability  transient  response 

the  operational  limits  imposed  on  the  control  design.  Table 
2.2  shows  that  thrust  is  the  primary  steady-state  performance 
measure  at  all  the  flight  envelope  points.  In  addition,  the 
table  shows  that  turbine  temperature  limits,  stability,  and 
transient  response  are  also  common  considerations  at  all  of 
these  engine  rating  points.  The  remaining  engine  operat- 
ing points  associated  with  the  specified  flight  conditions 
are  primarily  associated  with  augmentor  control  and  starting. 
In  addition.  Table  2.2  lists  specific  items  which  affect 
stability  such  as  augmentor  blow  out  or  inlet  distortion,  all 
of  which  can  be  covered  under  the  present  general  discussion 
of  steady-state  and  transient  operating  requirements. 
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Use  of  Performance  Maps  for  Determining  Stability  Require- 
ments at  Various  Operating  Points 

Figure  2.3  is  an  illustration  of  a typical  fan  performance 
plot  showing  a steady-stato  operating  line,  the  general  loca- 
tion of  some  engine  flight  conditions  of  interest  and  the 
effects  of  jet  area  variations  on  a steady-state  operating 
point.  A qualitative  definition  of  stability  margin  is  how 
close  the  fan  or  compressor  is  operating  to  the  surge  line. 

Keeping  the  definition  of  stability  margin  in  mind  and 
examining  the  performance  points  plotted  on  Figure  2.3,  the 


FAN  INLET  CORRECTED  AIRFLOW 
W My/b. 

PER  CENT  DESICJI x 100 

(W  DESIGN 


Figure  2.3  Typical  Fan  Map 


next  logical  consideration  is:  What  type  of  disturbances 
generally  cause  degradation  of  stability?  At  steady-state 
conditions,  a loss  of  stability  margin  occurs  during  opera- 
tion at  altitude.  Under  normal  conditions,  the  sea  level 
steady- state  fan  and  compressor  operating  lines  move  up  and 
the  surge  line  moves  down  with  increasing  altitude  as  a result 
of  Reynolds  number  effects.  Figure  2.4  illustrates  the  degra- 
dation in  fan  stability  margin  at  30,000  and  60,000  ft  due  to 
these  effects.  A high  compressor  map  would  show  similar 
effects  in  operating  and  surge  lines  due  to  Reynolds  number. 


w /e7/6. 
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Figure  2.4  Altitude  Effects  on  Stability 
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Similar  destabilizing  effects  result  from  transient 
engine  operations  (power  level  excursions)  from  idle  or  part 
power  to  intermediate  or  maximum  thrust.  Figures  2.5  and  2.6 
show  the  fan  and  compressor  steady-state  operating  lines  with 
typical  acceleration  and  deceleration  lines  which  these  com- 
ponents follow  as  the  engine  power  level  is  changed.  It  should 
be  noted  that  deceleration  leads  to  loss  of  stability  margin 
on  the  fan  while  acceleration  leads  to  loss  of  compressor 
stability  margin.  These  general  trends  assume  normal  scheduling 
of  the  fan  and  compressor  variable  geometry  as  well  as  the 
exhaust  nozzle  exit  area. 
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Figure  2.5  Power  Lever  Transient  Effects  on  Fan  Stability 
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HIGH  COMPRESSOR  PRESSURE  RATIO 
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Figure  2.6  Power  Lever  Transient  Effects  on  High  Compressor 

Stability 


2.2.3  Transient  and  Destabilizing  Conditions  Related  to 
Operation  Over  Flight  Condition  Transition 

i 

In  addition  to  the  basic  control  criteria,  there  is  an 
additional  requirement  to  avoid  performance  deterioration  due 
to  airflow  and  pressure  disturbances  which  occur  over  engine 
transition  regimes.  Principal  disturbances  include:  inlet 
distortion  and  augmentor  disturbances.  These  are  detailed  in 
the  following  paragraphs. 
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Distortion  Effects  on  Stability 

What  really  establishes  the  acceptability  of  a fighter 
inlet  is  its  ability  to  supply  uniform,  undistorted  airflow 
to  the  engine.  Pressure  recovery,  circumferential  inlet  dis- 
tortion, and  inlet  turbulence  (time  variant  inlet  distortion) 
define  the  quality  of  the  inlet  air.  Pressure  recovery  is  an 
average  of  all  total  pressures  across  the  flow  area.  Distortion 
is  the  pressure  recovery  pattern  and  describes  local  peaks 
and  valleys  in  terms  of  location  and  magnitude  as  shown  in 
Figure  2.7.  Turbulence  is  a dynamic  characteristic  which 


Figure  2.7  Typical  Steady-State  Inlet  Airflow  Total 

Pressure  Distortion 
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indicates  how  certain  areas  of  the  distortion  pattern  are 
changing  with  time  (Figure  2.8).  Both  distortion  and  turbu- 
lence will  influence  engine  airflow,  thrust  and  fuel  consump- 
tion when  certain  high  levels  are  reached,  but  their  most 
pronounced  effect  is  on  engine  operation  in  the  form  of 
decreased  stability  (or  surge)  which  could  occur  in  engine 
transition.  For  example,  aircraft  maneuvers  such  as  high  speed 
puli  ups  can  severely  distort  the  engine  inlet  airflow  pattern 


time 


Figure  2.8  Typical  Inlet  Airflow  Dynamic  Pressure 

Variation 
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and  create  large  areas  or  cells  of  low  pressure,  which  can 
drive  the  engine  into  surge. 

Augmentor  Effects  on  Stability 

The  other  primary  engine  component  which  directly  affects 
stability  is  the  augmentor.  The  turbofan  has  a flow  path 
directly  from  the  afterburner  section  to  the  fan  discharge 
via  the  fan  duct.  Combustion  disturbances,  such  as  hard 
light-offs  or  blow-outs,  cause  rapid  changes  in  fan  back  pres- 
sure which  decreases  stability  margin  (see  Figure  2.3).  Many 
things  could  then  happen  through  a chain  of  events.  If  the 
fan  stalls  from  back  pressure,  compressor  flow  may  be  dis- 
torted and  lead  to  stall  in  the  rear  high  pressure  stages. 

This  chokes  up  the  compressor  and  produces  a full  engine  stall. 

It  is  obvious  that  these  interactions  must  be  anticipated 
and  compensated  in  any  suitable  engine  control  scheme  which 
is  to  accommodate  augmented  operation.  Multivariable  control 
theory  is  ideally  suited  to  provide  the  necessary  closed-loop 
compensation  logic  given  the  proper  sensors  are  available  with 
the  necessary  response  and  accuracy  characteristics.  For 
example,  previous  research  on  a non-mixed  augmented  turbofan 
[28,29]  has  shown  the  acceptability  of  fan  exit  and  high  com- 
pressor exit  Mach  number  correlations  as  a stability  indicator. 
This  type  of  control  input  requires  total  and  static  or  total 
and  AP  measurements. 

2.3  ENGINE  CONTROL  DESIGN  METHODS 

The  complexity  of  the  requirements  discussed  in  Section 
2.2  introduces  a formidable  challenge  to  the  control  engineer. 
In  this  section,  the  present  control  methods  as  well  as  some 
advanced  multivariable  control  synthesis  (non-LQR)  results 
are  reviewed. 
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2.3.1  Approaches  to  Existing  Operational  Engine  Control 
Systems 

Classical  linear  control  theory  applied  to  gas  turbine 
engines  consists  of  developing  the  control  logic  required 
for  safe,  stable  engine  performance  [30].  Current  control 
design  techniques  concentrate  on  providing  the  required  engine 
performance  within  the  constraints  imposed  by  these  limita- 
tions. Early  fuel  controls  regulated  rotor  speed  scheduled 
as  a function  of  ambient  variables  and  throttle  input  [31]. 

The  regulator  provided  full  envelope  performance  with  sched- 
uled output  limits  for  transient  engine  regulation.  However, 
as  engine  performance  requirements  become  more  and  more 
demanding,  extremely  complex  hydromechanical  implementations 
are  required.  The  structure  of  those  controls  utilize  the 
basic  governor  scheme  with  an  electronic  or  hydromechanical 
trim  computer  to  provide  fine  adjustment  to  the  engine  oper- 
ating point  to  obtain  rated  performance  (Figure  2.9). 

Control  schedules  are  generated  to  satisfy  the  performance 
ratings.  Control  loop  interactions  are  resolved  through 
trial-and-error  modifications  of  the  derived  steady-state 
schedule  control  loop  gains.  Similarly,  the  operational  limits 
are  satisfied  by  an  iterative  modification  of  the  schedules  to 
avoid  the  undesirable  aerodynamic,  thermodynamic,  or  mechanical 
limits  encountered.  The  desired  engine  lesponse  characteris- 
tics are  achieved  by  modifying  actuator  limiting  schedules 
where  necessary  to  improve  acceleration  or  deceleration  charac- 
teristics. Finally,  ground  trim  capability  is  provided  on  the 
current  controls  to  compensate  for  engine-to-engine  build 
tolerances  and  to  provide  uptrimming  capabilities  as  perform- 
ance deteriorates  on  a particular  engine  due  to  normal  engine 
life-cycle  wear.  In  summary,  the  current  approach  to  control 
development  concentrates  on  regulating  the  engine  steady-state 
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Figure  2.9  Conventional  Control  Structures  Using 
Hydromechanical  Implementation 


performance  as  required  while  protecting  the  engine  from  en- 
countering the  operational  limitations. 

Although  this  classical  approach  to  control  design,  con- 
trol logic  specification  and  control  development  has  been  in 
use  for  many  years,  certain  inherent  limitations  exist  in  the 
technique.  Engineering  experience  and  intuition  are  required 
to  solve  control/engine  interaction  problems.  The  additional 
high  performance  requirements  of  supersonic  aircraft  vastly 
increase  the  magnitude,  duration  and  scope  of  the  "classical" 
solutions  to  control  logic  development. 

Although  current  control  design  techniques  could  incorpor- 
ate a sensed  augmentor  pressure  to  indicate  the  hard  augmentor 


light,  there  are  no  predefined  interactions  between  fan  and 
augmentor  components  which  could  make  use  of  the  sensed  pres- 
sure pulse  associated  with  the  hard  light  and  incipient  fan 
surge.  Such  fan-augmentor  aerodynamic  coupling  represents  a 
real  world  constraint  which  is  not  explicitly  considered  in 
classical  open-loop  control  logic  development.  This  is  because 
each  control  loop  is  individually  analyzed  without  regard  to 
interactions  with  other  loops.  The  application  of  these 
classical  techniques  to  this  type  of  specific  problem  intro- 
duces additional  trial  and  error  to  provide  control  schedule 
biasing  such  that  regions  of  hard  light  can  be  accommodated. 

The  limitations  of  the  application  of  classical  control 
design  techniques  result  from  three  primary  sources.  These 
are  as  follows; 

• Regulatory  responsibility  and  scheduling  function  of 
gas  turbine  engine  controls  has  become  extremely 
demanding  due  to  the  diverse  and  conflicting  per- 
formance requirements. 

• Protection  of  engine  operating  limits  throughout  the 
entire  flight  envelope  for  the  range  of  missions  typi- 
cal of  current  generation  air  superiority  aircraft 
becomes  a greatly  expanded  trial -and-error  process 
due  to  the  cross -coupl ing  effects  and  the  associated 
compensatory  logic.  This  process  presents  difficult 
problems  due  to  conflicting  performance  and  durability 
(temperature  or  pressure  limits)  or  performance  and 
stability  (fan  or  compressor)  trade-offs.  Since  it  is 
a physical  impossibility  to  test  the  control  logic  at 
all  steady-state  points  within  the  flight  envelope, 

it  becomes  a matter  of  engineering  experience  and 
intuition  as  to  when  the  operational  limitations  have 
been  sufficiently  investigated. 

• The  resolution  of  specific  control/engine,  engine/ 
augmentor  or  interactive  engine  component  problem 
areas  using  the  classical  logic  and  simply  adjusting 
steady-state  schedules  is  not  general  enough  an 
approach.  Each  particular  problem  is  not  forseeable 
and  the  current  techniques  do  not  allow  for  sensor, 
component,  actuator  cross -coupling  applicable  to 
general,  aerodynamic,  thermodynamic,  or  mechanical 
interactions . 
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The  previous  discussion  defined,  in  general  terms,  how 
current  gas  turbine  control  logic  is  developed  and  implemented. 
It  presented  a detailed  discussion  of  known  problems  resulting 
from  the  limitations  of  classical  control  theory.  What  are 
the  advantages  of  the  current  techniques?  There  are  three 
primary  advantages  which  are  a direct  result  of  the  empirical 
approach  to  control  logic  design: 

(1)  Although  the  iterative  approach,  using  classical 
control  analysis  techniques  and  requiring  a signifi- 
cant level  of  engineering  judgment,  is  tedious  and 
inefficient,  the  resulting  control  mode  has  proven 
to  be  realistic  and  capable  of  operating  the  gas 
turbine  engine  to  the  desired  steady-state  perform- 
ance specifications. 

(2)  The  resulting  control  modes  and  schedules  for  low 
order  systems  have  been  physically  simple  enough  to 
construct  using  hydromechanical  and  electromechani- 
cal techniques. 

(3)  The  practicality,  reliability  and  acceptability  of 
controls  using  the  classical  techniques  have  been 
demonstrated  on  a generation  of  gas  turbine  engines 
of  various  cycles  for  diverse  applications  from 
military  reconnaissance/turbo j et  and  air  superiority/ 
turbofan  applications  to  the  three  spool  cycle  of 
the  commercial  transports. 

The  success  of  a given  engine  component  design  has  never 
been  used  as  a reason  for  halting  advanced  aerodynamic,  thermo- 
dynamic or  mechanical  research.  Similarly,  the  relative 
acceptability  of  classical  control  logic  optimization  tech- 
niques has  not  halted  the  basic  study  of  control  theory. 

Rather,  the  types  of  limitations  discussed  for  the  current 
gas  turbine  controls  have  led  to  the  investigation  of  multi- 
variable  (multi-input/multi-output)  control  techniques  as  a 
possible  solution. 
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2.3.2  Multivariable  Design  Methods 


Multivariable  control  theory  can  be  used  to  resolve 
specific  transient  and  steady-state  operational  limit  problems 
by  providing  cross-coupling  and  decoupling  logic  which  provides 
satisfactory  transient  response  while  maintaining  all  opera- 
tional limits  and  providing  specified  steady-state  performance 
(see  Table  2.3).  In  addition  to  the  interdependent  control 
logic  approach  which  inherently  provides  this  cross-coupling 
capability,  multivariable  control  theory  employs  sensed  infor- 
mation in  the  compensation  loops  and  provides  variable  gains 
where  necessary  to  null  out  errors  between  scheduled  and 
sensed  variables  at  the  desired  steady-state  engine  operating 
points.  In  this  manner,  multivariable  control  theory  can 
allow  non-steady-state  engine  operation  to  be  totally  different 


Table  2.3 

Comparison  of  Modern  Vs.  Classical  Design  Methods 


ADVANTAGES 

DISADVANTAGES 

CLASSICAL 

CONTROL 

(1)  Provides  basis  for  engineering 
design  decisions  and  evaluation 
(for  low-order  systems). 

(2)  Inherent  use  of  stability 
margin  (e.g.,  gain  and  phase 
margins)  to  reduce  controlled 
sensitivity  to  uncertainties 
in  system  parameters. 

(3)  Best  for  single- input/si ngle- 
oiitput  system. 

(1)  Much  trial-and-error  in  design, 
particularly  for  large  systems 
such  as  engines. 

(2)  Frequently  leads  to  controls 
fighting  each  other. 

(3)  Difficult  to  apply  to  multi- 
input/multi-output systems. 

MODERN 

CONTROL 

(1)  Leads  to  automatic  synthesis  of 
controls  once  performance  index 
and  model  have  been  determined. 

(2)  Designs  are  inherently  minimal- 
ly sensitive  if  proper  P.I.  is 
chosen. 

(3)  Automatically  includes  optimum 
control  and  state  cross- 
coupling. 

(1)  Places  more  emphasis  on  cor- 
rectness of  model  used  for 
design  (e.g. , if  model  is  In 
error,  controlled  system 
could  be  unstable)  and  rele- 
vance of  performance  index. 

(2)  Many  applications  place  too  much 
confidence  on  automatic  LQR 
methods  to  replace  knowledge  of 
system  and  model  accuracy 
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from  steady-state  scheduled  operations  while  maintaining  accur- 
ate reference  values  for  controlled  engine  variables.  This 
technique  allows  for  essentially  independent,  but  compatible, 
steady-state  and  transient  engine  control  such  that  closed-loop 
power  and  match  point  settings  can  be  attained  throughout  the 
flight  envelope  without  constraining  the  dynamic  engine  charac- 
teristics between  power  settings  or  between  flight  envelope 
points  to  the  same  set  of  empirically  derived  control  schedules. 

Two  possible  structures  are  shown  for  a full  authority 
multivariable  controller.  Choice  of  the  structure  will  be 
discussed  below. 

2.4  MULTIVARIABLE  CONTROL  DESIGN  METHODOLOGY 

The  previous  two  sections  have  traced  the  development  of 
controllers  for  advanced  engines  from  highly  complex  control 
requirements  through  various  "trial-and-error"  control  designs, 
including  a recent  design  which  includes  many  multivariable 
characteristics  (e.g.,  LQR  methods)  [32,33].  It  is  concluded 
that  a multivariable  design  method  is  necessary  which  has  the 
following  basic  objectives: 

(1)  The  controller  makes  maximum  use  of  the  variable 
geometry  capabilities  of  the  engine. 

(2)  The  controller  should  not  limit  the  performance 
capability  of  the  engine  by  cross-coupling  controls 
in  such  a way  that  controls  are  "fighting  each 
other. " 

(3)  The  design  procedure  should  be  systematic  and  place 
engineering  judgment  at  certain  critical  points, 
not  over  the  entire  continuous  spectrum  of  design 
development . 

The  basic  controls  research  of  the  last  three  decades 
has  produced  a firm  foundation  for  the  synthesis  of  multi- 
variable  control  systems.  Application  of  this  theory,  princi- 
pally in  the  aeronautical  and  marine  technologies,  has  pro- 
vided simple  and  effective  multivariable  designs. 
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2.4.1  Modern  and  Classical  Control 

The  objective  of  control  design  is  to  determine  a set 
of  feedback,  and  possibly  feedforward,  gains  which  provide  a 
system  with  desired  response  characteristics.  Such  desired 
characteristics  include  stability,  frequency,  damping,  decoupl- 
ing, and  minimum  error  in  following  a specific  command.  This 
short  section  discusses  the  two  main  types  of  control  synthesis 
which  have  been  applied  to  various  engine  systems.  These  are 
denoted  as  classical  control  and  modern  control. 

2.4.2  Classical  Control  Synthesis 

Over  forty  years  of  successful  control  system  designs 
have  been  achieved  by  what  is  now  called  classical  synthesis. 
This  approach  is  based  on  analysis  of  the  transfer  function 
representation  of  the  system  (e.g.,  the  frequency  domain 
relationship  between  input  and  output). 

Examples  of  design  techniques  which  have  been  used  are 
the  root  locus  method,  the  Nyquist  method,  and  the  Bode  method 
(a  derivative  of  the  Nyquist  method).  The  basic  design 
approach  is  to  analyze  the  transfer  function  with  respect  to 
desired  system  characteristics  (e.g.,  gain  and  phase  margin, 
transient  response)  and  introduce  compensating  lead  or  lag 
filters  to  modify  the  response  to  that  desired. 

The  compensators  can  provide  lead  or  lag  and  may  intro- 
duce a pure  integral  effect  to  eliminate  steady-state  errors 
from  step  inputs.  Sufficient  stability  margin  is  provided 
such  that  small  errors  in  the  design  parameter  values  do  not 
affect  the  stability  of  the  system.  All  modes  can  be  made 
adequately  fast  and  well  damped  within  de.sign  requirements. 
These  methods  were  originally  devised  for  single- input , single- 
output systems  and  are  difficult  to  use  with  multi-input, 
multi-output  systems. 
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To  resolve  the  difficulties  of  application  of  multi- 
input/multi-output classical  methods,  considerable  research  has 
been  performed.  One  such  notable  attempt  was  performed  in 
England  for  application  to  the  Concorde  jet  engine.  This  work, 
by  MacFarland,  et  al.,  was  an  extensive  development  and  appli- 
cation of  the  inverse  Nyquist  method  [34,35]. 

2.4.3  Modern  Control  Synthesis  Methods 


Modern  control  design  methods  have  their  basis  in  the 
state  space  representation  of  dynamic  systems.  The  state 
space  approach  leads  naturally  to  the  description  of  both 
linear  and  nonlinear  systems  in  time  domain.  The  control  in- 
puts may  be  chosen  to  minimize  a certain  criterion  function. 
This  criterion  function  is  a quantitative  measure  of  the 
penalty  for  undesirable  state  response  and  the  control  input 
effort  required  (quadratic  synthesis  methods).  For  a general 
nonlinear  system  and  criterion  function,  the  control  law  may 
be  very  complicated.  Alternately,  the  control  may  be  selected 
by  specifying  the  desired  transient  response  characteristics 
of  a system,  and  using  algebraic  synthesis  techniques  to  solve 
for  the  required  gains  (e.g.,  pole  placement  methods,  modal 
control  methods,  etc.). 

In  modern  control  synthesis  development,  linear  systems 
have  received  special  attention  because  they  often  lead  to 
control  laws  which  are  both  simple  to  design  and  easy  to 
implement.  The  state,  x,  of  a lumped  parameter  linear  model 
follows  the  equation 


X = Fx  + Gu 
x(0)  = x^ 


0 < t < t^ 


(2.1) 
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where  u is  the  control  vector.  Two  basic  methods  have  been 
used  to  determine  control  laws  for  such  systems.  The  first 
approach,  called  the  pole  placement  method,  selects  control 
gains  to  give  adequate  damping  and  speeds  to  the  modes  of  the 
closed-loop  system.  In  the  second,  control  laws  are  determined 
to  minimize  certain  criterion  functions  (e.g.,  LQR  designs). 
These  methods  are  now  summarized. 

Pole  Placement  Technique 

If  the  control  input  is  a fixed  linear  function  of  the 
state  vector , i . e . , 

u(t)  = C x(t)  (2.2) 

then  the  dynamics  of  the  closed-loop  system  are 

X = (F+  GC)x  (2.3) 

It  is  clearly  seen  that  the  nature  of  the  response  is  depend- 
ent on  (F  +GC).  The  eigenvalues  of  (F  + GC)  give  the  fre- 
quencies and  dampings  of  various  modes  of  the  system,  while  the 
corresponding  eigenvectors  give  the  mode  shapes.  In  the  pole 
placement  technique,  the  gain  matrix  C is  selected  so  that 
all  modes  of  the  system  have  desired  frequency  and  damping 
(this  is  always  possible  if  the  system  is  completely  control- 
lable). The  solution  is  not  unique  for  the  multi-input  case. 

The  solution  is  often  unacceptable  because  the  control 
law  may  not  make  economical  use  of  various  inputs  (two  inputs 
may  be  fighting  each  other) . This  disadvantage  is  particularly 
significant  for  the  engine  problem  where  many  controls  are 
available . 
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Linear  Quadratic  Design  TechTiiques 

A major  control  theory  development  occurred  during  the 
late  1950's  and  1960's  which  was  fostered  by  high-speed  com- 
puters and  an  advanced  technology  space  program.  Now  known 
under  various  names  (quadratic  synthesis,  linear-quadratic 
Gaussian  synthesis,  modern  optimal  control  theory,  linear 
quadratic  regulator  theory) , this  development  has  been  the 
subject  of  intensive  theoretical  research.  Theoretically, 
it  is  known  that  optimal  control  has  great  potential  since  it 
is  inherently  a multi-input/multi-output  linear  system  control 
design  method  also  applicable  to  nonlinear  systems.  Much  of 
the  demonstration  of  the  versatility  of  the  method,  however, 
has  been  limited  to  simulation  studies,  and  the  applications 
through  actual  implementation  are  not  nearly  as  extensive. 

The  details  of  linear  quadratic  regulator  (LQR)  control 
theory  design  procedures  are  shown  in  Figure  2.10.  At  this 
point,  it  is  only  necessary  to  note  the  following: 

(1)  Quadratic  synthesis  techniques  design  on  a different 
objective  tnan  classical  techniquesT  Instead  of 
attempting  to  obtain  a specific  transient  response 
(as  do  classical  methods) , LQR  methods  minimize  the 
control  energy  required  to  keep  the  mean  square 
response  of  the  system  as  small  as  possible.  The 
design  parameters  are  weightings  or  penalties  on 
deviations  of  states  and  controls  (as  well  as  the 
choice  of  augmented  states  and  controls) . Desirable 
transient  response  is  obtained  indirectly. 

(2)  Quadratic  synthesis  techniques  are  highly  automatic 
once  the  performance  index  and  the  design  model 
have  been  selected. 

(3)  Quadratic  controls  can  produce  simple  control 
systems  if  the  design  process  is  conducted  with  an 
integrated  understanding  of  the  system  physics. 

This  is  because  many  of  the  simplifications  to  an 
"optimal  controller"  can  be  based  on  certain  types 
of  analysis  of  the  feedback  structure  and  relating 
this  structure  to  its  actual  effect  on  the  system. 
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Figure  2.10  Procedure  for  Choosing  Weights  in  the 
Performance  Index 


2.5  LQR  APPROACH  FOR  LINEAR  SYSTEM  CONTROL  SYNTHESIS 

The  last  section  discussed  various  approaches  for  the 
synthesis  of  control  systems.  It  was  mentioned  there  that 
modern  control  techniques  have  their  basis  in  the  state  space 
representation  of  systems.  For  linear  systems,  with  state 
vector,  X,  and  input  vector,  u,  the  dynamic  equations  of 
motion  can  be  written  as 

X = Fx  + Gu  (2.4) 
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This  particular  design  methodology  is  directed  to  only  deter- 
ministic design,  so  it  is  assumed  for  the  purpose  of  this  dis- 
cussion that  there  is  no  random  input.  Control  laws  designed 
using  modern  design  techniques  are  obtained  by  certain 
criterion  functions,  which  are  based  on  engineering  experience 
and  judgment  of  design  goals  required  of  the  system  to  be  con- 
trolled. Certain  criteria  have  received  special  attention 
because  of  many  desirable  properties  of  the  resulting  control- 
lers. The  LQR  approach  is  based  on  a particular  form  of  the 
criterion  function. 


2.5.1  Basis  of  the  LQR  Method 

The  linear  quadratic  regulator  method  uses  a linear  system 
model  [e.g.,  Eq.  (2.4)]  to  design  a regulator  control  law 
minimizing  a matrix  quadratic  penalty  function  weighting  state 
and  control  deviations  about  a nominal  operation  point.  The 
optimization  problem  can  be  written  as  follows: 


J*  = 


x^Sf Xf 


o 


(2.5) 


where  x^  and  u^  are  the  state  and  control  values  at  t = t^; 
A,  B and  N are  quadratic  matrix  weightings  on  the  state  and 
control  deviations  during  a time  interval  0 £ t < t^;  and 
S£  is  a state  penalty  weighting  at  t = t^.  This  problem  has 
a particularly  simple  solution.  The  control  u can  be  written 
as 

u(t)  = C(t)  x(t)  (2.6) 
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where  the  control  is  implemented  with  the  control  structure 
shown  in  Figure  2.11,  In  other  words,  the  control  at  any 
time  is  a linear  function  of  the  state  at  that  time.  If  F, 

G,  A,  N and  B are  constants,  and  t^  “ constant,  then 
a control  gain  C can  be  calculated.  Constant  gains  are 
often  used  because  of  ease  of  implementation.  This  is  called 
the  linear  quadratic  regulator  (LQR) . 

This  approach  has  several  characteristics  including  the 
following : 

(1)  When  the  linear  quadratic  regulator  is  used,  the 
control  law  gives  a stable  feedback  system.  There- 
fore, additional  constraints  to  ensure  that  F GC 
has  eigenvalues  with  negative  real  parts  are  not 
required.  Note,  however,  that  this  desirable  sta- 
bility is  guaranteed  only  if  the  system  model  Eq . 
(2.4),  upon  which  the  control  is  based,  accurately 
represents  the  system.  If  significantly  large 
modeling  errors  (e.g.,  errors  in  F)  are  present, 
the  LQR  law  will  not  necessarily  be  stable.  TKTs 
warning  is  particularly  applicable  to  the  engine , 
whose  analytical  modeling  can  be  quite  difficult. 
This  places  considerable  importance  on  engine  model- 
ing for  LQR  designs. 

(2)  The  optimal  control  input  is  a fixed  linear  combina- 
tion of  the  state  which  can  be  precomputed.  Cross- 
coupling of  control  on  states  is  automatically 
included.  This  simplifies  the  implementation 
considerably. 


PLA 

PRESSURE 

TEMPERATURE 


Figure  2.11  Perturbational  Control  Structure 
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Analytical  issues  relevant  to  the  control  design  are  sum- 
marized in  Table  2.4  and  are  discussed  in  detail  in  Chapter  III 


2.6  APPLICATION  OF  LQR  METHOD  TO  TURBOFAN  ENGINES 

As  discussed  in  Section  2.3,  modern  turbofan  engines  and 
anticipated  propulsion  systems  of  the  future  are  extremely 
complex  and  involve  interaction  between  several  components. 


Table  2.4 

Application  of  Multivariable  Control  Design  Using  Linear 
Perturbational  Techniques  to  Aircraft  Turbine  Engines 


ISSUE 

ELEMENT 

APPROACH 

TRANSITION 

CONTROL 

Used  during  large 
transients 

• Ramped  set  point/model 

♦ Follower  approach 

First  order  approximation 
to  trajectory  produces 
acceptaole  temperature/ 
surge  excursions 

• Constant  acceleration  models  derived 
from  linear  systems 

Structure  compatible  with 
nonlinear  trajectory 
generati on 

• Standard  perturbation  control 

IMPLEMENTATION 

Loop  time  (sampling 
cycle) 

• Simplified  schedule 

• Univariate  gain  functions 

• Multi-rate  capability 

Program/parameter  storage 

• Nondimensional  schedules 

• Gain  matrix  simplification 

Accuracy  (fixed  precision 
arithmetic) 

• Gain  matrix  scaling 

MODELING 

State  selection,  dynamic 
elements 

• Choose  important  perfonnance  rating 
quanti ties 

Generation  of  models 

• Offset  derivative  from  nonlinear 
simulation 

Reduction 

• Eigenvector  analysis  and  modal 
reduction 

Evaluation/ verification 

• Linear  simulation  and  nonlinear 
deck 

INTEGRAL 

CONTROL 

Relevant  trim  point 

• Choose  fan  match  point  for  per- 
formance considerations 

Measurement  accuracy 

• Evaluate  thrust  losses  due  to  ex- 
pected scheduling  and  measurement 
errors 

Control  saturation,  dead 
zone,  hysteresis 

• Eliminate  error  term  from  feedback 
when  saturated 

• Dead  rone  on  errors 

37 


The  dynamics  of  such  engines  follow  nonlinear  equations  whose 
coefficients  change  with  the  speed  and  altitude  of  operation. 

■V** 

There  are  acceleration  and  disturbance  rejection  requirements 
on  engine  performance  and  constraints  on  certain  outputs. 

The  nonlinear  turbofan  equations  of  motion  can  be  written 

as : 


X = f(x,u,6) 


C2.7) 


where  x is  the  state  vector,  u is  the  vector  of  controls, 
and  e defines  the  ambient  conditions  (e.g.,  altitude  and  Mach 
number).  The  constraints  on  the  outputs,  such  as  thermal  and 
mechanical  limits,  are  usually  independent  of  altitude  and 
Mach  number , i . e . , 


ymin  ^ ^ >'n,ax 


(2.8) 


where  for  example,  could  represent  minimum  acceptable 

thrust  or  fan  stability  margin  and  y^j^x  indicate  the 

maximum  allowable  value  of  high  turbine  inlet  temperature. 
These  outputs  are  related  to  the  state  variables  through  the 
functional  form  g. 

There  are  additional  constraints  on  control  inputs  and 
rates  at  which  the  control  inputs  can  be  changed 


u . < u < u 

min  — — max 


u • < u < u 

min  — — max 


(2.9) 


where  u . represents  the  maximum  rate  at  which  the  control 
min  , 

inputs  can  be  decreased,  u^^^x  maximum  rate  at  which 

they  can  be  increased,  and  u • and  u are  the  extreme 

nilXl  IilaX 

control  positions.  Usually, 
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u . 
min 


u 

max 


(2.10) 


For  maximum  efficiency  in  steady-state  operation,  the 
controls  must  follow  prespecified  schedules  as  a function  of 
the  states: 


u = g(x,0)  (2.11) 

For  example,  in  the  FlOO  turbofan  engine  the  position  of  the 
inlet  guide  vanes  is  a function  of  the  corrected  fan  speed. 

It  is  clear  from  the  complexity  of  this  problem,  that 
the  success  of  the  application  of  the  LQR  approach  to  control 
synthesis  depends  on  how  the  method  is  applied.  It  is  also 
apparent  from  the  discussion  of  the  previous  section  that  the 
regulator  gains  are  obtained  directly  once  the  linear  model 
and  the  performance  index  are  specified. 

Table  2.5  shows  the  state-of-the-art  steps  involved  in 
successful  application  of  the  LQR  theory  to  turbofan  engines. 
Table  2.5  is  discussed  below. 


2.6.1  LQR  Theory  for  Linear  Systems 


From  the  discussion  in  Section  2.5,  it  is  clear  that  the 
basic  theory  of  the  LQR  approach  is  completely  understood  and 
has  been  widely  applied.  To  apply  the  LQR  approach,  the  non- 
linear system  of  Eqs.  (2.7)  to  (2.11)  must  first  be  converted 
into  the  form  of  Eqs.  (2.1)  to  (2.3).  To  accomplish  this, 
an  operating  point  is  selected  to  determine  state  variables 


Xgg  and  Ugg.  Next,  small  deviations  around  the  state  x 


SS 


and  Ugg  are  considered 
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Table  2.5 


Application  of  LQR  Theory  to  Control  Design  for  lurbine 
Engines  - State-of - the-Art 


STEPS  IN  CONTROL 
SYNTHESIS 

STATE-OF-THE-ART 

APPLICATION  TO  JET  ENGINES  AND  OTHER 
NONLINEAR  SYSTEMS 

REMARKS 

IQR  Theory  for 
Linearized 

Engine  Models 

LoHipletely  understood. 

Wide  class  of  applications.  Several 
efficient  programs  exist  to  solve 
the  Riccati  equation;  see,  for 
example.  Ref.  44 . 

Can  be  applied  wi..  confidence 
when  the  linearized  model  is 
correct. 

Linearization  of 
Nonlinear  Systems 
for  Application 
of  LQR  Theory 

Two  methods:  ( 1 ) finite 
differences,  and  (2)  use 
of  advanced  parameter 
estimation  methods. 

Applied  on  an  ad  hoc  basis  to  engines 
and  other  systems. 

Care  should  be  exercised  for 
cojjiplex  systenis,  particularly 
when  the  nonlinear  simulation 
has  more  states  than  the 
linearized  model . 

Gain  Schedul inq 

Gain  switching,  or 

1 Inear  or  quadratic 
interpolations. 

Both  linear  and  quadratic  interpola- 
tion used  on  jet  engines  for  sea 
level  static  condition. 

Interpolation  becomes  complex 
when  parameterized  on  more  than 
one  variable  (in  engine  there 
are  at  least  three).  Possibil- 
ity of  simple  gain  switching 
needs  further  study. 

Choice  of  States 
and  Operating 
Points,  Where  the 
System  Is  Linear- 
ized 

Advanced  identification 
method  for  choosing 
relevant  states  145). 

Applied  in  Ref.  46  for  the  high 
angle-of-attack  problem  (not  in  the 
context  of  control  design).  Computer 
programs  available. 

Important  for  designing  a 
simple,  yet  effective,  control- 
ler. 

Quick  Acceleration 
and  Set  Point 
Change 

Acceleration  controller 
applications  |391 

Constant  acceleration  method  used 
with  helicopter. 

Delay  from  integral  control 
could  cause  poor  accelerations. 

Parameter  Insen- 
sitive Control 

Theory  under  develop- 
ment 

Computer  programs  exist.  Have  been 
applied  for  satellite  control. 

Necessary  for  variations  In 
engine  and  inlet  conditions. 

8x  A X - Xgg 

(2.12) 

6U  A U - Ugg 

The  nominal  output  and  its  deviation  around  the  steady-state 
can  be  defined 


ygg  A g(Xgg,Ugg)  (2.13) 

6y  A y - ygg 

= g(x,u)  - g(x5s,Ugg)  (2.14) 
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For  a linear  system,  Eq.  (2.14)  for  the  observed  responses 
may  be  written  in  the  form 

y = H X + D u (2.15) 

where  H is  the  observation  matrix,  and  D is  the  feedfor- 
ward control  matrix. 


2.6.2  Linearization  of  Nonlinear  Simulation  for  Application 
of  the  LQR  Method 


Several  methods  have  been  used  to  derive  linearized  sys- 
tems from  nonlinear  dynamic  simulations  [36].  The  method 
must  give  correct  poles  as  well  as  zeroes  of  the  input/output 
transfer  function.  In  other  words,  all  elements  of  the  linear- 
ized matrix  must  be  correct.  One  of  the  most  common  methods 
is  to  compute  F and  G using  the  equations 


f(x  + Ax,  u,  9)  - f(x-Ax,  u,  9) 
2.\x 


(2.16) 


G 


f(x,  u+Au,  0)  - f(x,  u - Au,  0) 


(2.17) 


where  Ax  and  Au  must  be  chosen  appropriately.  The  dis- 
advantage of  this  method  is  that  the  nonlinear  simulation  may 
have  many  more  state  variables  than  one  would  like  to  include 
in  the  linear  model.  Approximation  methods  must  then  be  used 
to  eliminate  the  undesired  states  from  the  f function.  An 
alternate  approach  is  to  use  advanced  parameter  identification 
methods  to  estimate  the  linear  model  from  the  engine  response 
around  some  point. 


Matrices  H and  D in  Eq . (2.15)  can  be  determined  by 
using  finite  difference  formula  of  the  type  of  Eqs . (2.16)- 
(2.17).  Another  method  is  to  use  linear  regression  between 
the  output  and  the  states  and  inputs. 


2.6.3  Gain  Scheduling  for  Turbofan  Engine  Control 


The  linearized  equations  of  motion  depend  on  the  point 
around  which  the  linearization  is  carried  out  and  are  para- 
meterized on  ambient  variables.  Different  points  in  the  envel- 
ope of  the  engine  have  different  regulator  gains,  both  because 
the  linearized  model  changes  and  because  the  constraints  on 
states  and  control  change.  Thus,  as  the  engine  enters  into 
a different  operating  region,  the  control  gains  must  be 
altered  in  a systematic  manner. 

There  are  two  methods  which  have  been  used.  In  the 
first,  the  envelope  is  divided  into  several  regions.  Each 
region  has  its  own  control  gains.  As  the  system  moves  from 
one  region  to  another,  the  control  gains  are  switched.  This 
reduces  the  on-line  computer  requirements,  but  more  points 
must  be  chosen  to  compute  gains.  The  controls  will  have  step 
changes  as  the  system  moves  from  one  region  to  another.  The 
problem  of  step  changes  can  be  alleviated  by  placing  weights 
on  the  control  rates  in  the  performance  index  as  discussed 
in  Chapter  III. 

The  second  method  computes  the  gain  by  linear  interpola- 
tion between  adjacent  points.  In  the  engine,  there  are 
possibly  three  independent  quantities  on  which  the  regulator 
gains  can  be  parameterized.  One  set  of  scheduling  parameters 
might  be  engine  power  level,  altitude  and  Mach  number.  In 
this  case,  the  gain  matrix  must  be  linearly  interpolated 
between  eight  values.  This  can  cause  excessive  real  time 
computation  requirements.  A simplification  of  the  above  tech- 
niques is  described  in  Chapter  V. 
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2.6.4  Choice  of  States  and  the  Design  Points 


When  the  LQR  approach  is  applied  to  complex  nonlinear 
systems  like  turbofan  engines,  the  choice  of  states  and  design 
points  is  an  important  consideration  both  from  the  design  and 
the  implementation  viewpoint.  There  are  numerous  states  in 
the  turbofan  engine.  The  number  of  states  must  be  reduced  to 
get  a reasonable  control  law.  In  addition,  many  of  the  states 
are  not  measurable  or  observable  making  it  difficult  to  use 
them  without  extensive  computation. 

A natural  solution  to  this  problem  results  if  advanced 
parameter  identification  methods  are  used  for  determining 
linear  models  from  the  nonlinear  simulation.  A certain  state 
vector  is  chosen  and  the  outputs  are  used  to  identify  the 
state  model.  If  the  particular  choice  does  not  include  all 
pertinent  states,  then  the  fit  to  the  outputs  will  be  poor 
because  an  insufficient  set  of  state  variables  cannot  describe 
the  outputs  completely.  Thus,  a poor  fit  to  the  outputs  would 
indicate  that  further  states  should  be  included  in  the  engine 
model.  The  inclusion  of  undesired  states  in  the  model  would, 
on  the  other  hand,  make  the  problem  overdetermined,  which 
causes  identif iability  problems.  Some  of  the  state  variables 
should  be  dropped.  Figure  2.12  shows  how  this  approach  is 
used  in  an  iterative  manner.  To  select  the  states  objectively, 
statistical  tests  can  be  used  to  evaluate  the  fit  to  the  out- 
puts. Reference  37  describes  this  approach  in  detail.  A 
good  design  would  attempt  to  determine  pertinent  state  variables 
at  representative  operating  points.  It  is  clear  from  the  above 
discussion  that  the  set  of  adequate  state  variables  depends  on 
the  outputs. 

The  next  problem  is  the  choice  of  the  linearization 
points  around  which  the  regulator  is  designed.  If  the  engine 
were  always  near  a steady- state , at  every  flight  condition, 
there  is  only  one  independent  parameter  which  specifies  the 
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Figure  2.12  Choice  of  States  in  Application  of  LQR  Methods  to 

a Nonlinear  System 

linearized  model.  This  parameter  could  be  spool  speed  or 
engine  pressure  ratio.  The  model  could  be  linearized  along 
the  steady-state  line  for  the  entire  range  of  spool  speed.  In 
fast  transients,  particularly  quick  acceleration  from  low  to 
high  power,  deviations  from  steady-state  operating  line  may 
occur.  It  is  very  important,  in  the  next  step,  to  select 
design  points  in  this  envelope  carefully  so  that  a good  non- 
linear controller  is  obtained  when  the  gain  scheduling  describ- 
ed in  the  last  section  is  used.  The  basic  idea  is  to  choose 
fewer  points  in  those  regions  where  there  are  small  changes 
in  the  linear  models  and  to  increase  the  density  of  design 
points  in  those  regions  where  the  linearized  models  are  chang- 
ing rapidly. 
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2.6,5  Rapid  Accelerations  and  Set  Point  Change 


One  of  the  requirements  in  engine  feedback  control  law 
design  using  the  LQR  method  is  the  capability  to  rapidly 
accelerate  the  engine  from  low  power  to  high  power  levels. 

This  problem  has  received  little  attention  in  both  the  turbine 
engine  problems  and  other  nonlinear  systems.  Stone,  et  al. 

[38]  reported  that  this  is  not  a problem  in  the  General 
Electric  J85  engine.  An  integral  approach  is  used  by  Michael, 
et  al.  [39,41].  Michael  realizes  some  improvements  in  acceler- 
ation times  over  conventional  controllers.  The  method  requires 
an  integral  error  to  build  up  before  the  controls  start  moving. 

One  method  for  linear  control  systems  was  developed  by 
Gupta  and  Bryson  [42]  for  the  rapid  acceleration  of  helicop- 
ters carrying  heavy  slung  loads.  The  technique  suggested 
here  can  also  be  used  for  nonlinear  systems.  The  method  stems 
from  an  extension  of  the  notion  of  steady-state.  With 
reference  to  the  linear  model  of  Eq . (2.1),  we  define  a steady- 
state 


X = constant  = R (2.18) 

This  is  called  the  constant  rate  steady-state.  The  control 
required  to  maintain  this  steady-state  is  determined  by  differ- 
entiating Eq.  (2.4)  with  respect  to  time; 

X = Fx  + Gu  = 0 (2.19) 

This,  with  Eq . (2.18),  gives  both  the  control  input  and  the 
input  rate  as  a function  R and  the  state  variables.  A maxi- 
mum R is  chosen  such  that  no  control,  state,  or  output  rate 
constraint  is  violated.  The  control  derived  from  the  above 
equations  is  used  in  a feedforward  mode,  while  additional 
feedback  control  is  applied  to  ensure  that  the  engine  follows 
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the  desired  trajectory.  The  details  of  this  method  are  given 
in  Ref,  42. 

In  the  nonlinear  engine  control,  this  method  must  be 
modified  to  incorporate  variations  in  the  linear  model  with 
power  output.  The  major  variations  would  be  the  choice  of  the 
acceleration  R and  the  functional  variation  of  the  feed- 
forward input  component  with  engine  power  level  and  ambient 
conditions.  The  control  law  is  general  and  provides  the  maxi- 
mum acceleration  from  all  starting  points.  This  would  be 
achieved  with  a modest  increase  in  complexity. 

2,6.6  Parameter  Insensitivity  of  the  LQR  Gains 


When  the  gain  scheduling  techniques  of  Section  2.6.3  are 
used  together  with  the  design  point  selection  method  of  Sec- 
tion 2.6.4,  the  engine  often  operates  away  from  the  design 
points  and  the  gains  are  not  optimal  for  that  operating  point 
of  the  engine.  In  addition,  as  explained  in  Section  2.5, 
there  are  errors  in  the  linearized  engine  models  used  for 
design  purposes.  Therefore,  the  requirement  of  having  control 
gains  which  are  relatively  insensitive  to  the  parameter  values 
is  even  more  important  when  the  LQR  method  is  used  for  nonlin- 
ear systems  with  scheduled  gains.  The  methods  applicable  for 
linear  systems  can  be  applied  at  each  design  point. 

2.7  ENGINE  DIGITAL  CONTROL  IMPLEMENTATION 

This  section  discusses  the  possible  sources  of  controller 
errors  which  can  be  induced  by  digital  implementation.  It  is 
recognized  that  the  NASA-LeRC  SEL  810B  computer  is  very 
flexible.  Recognizing  the  possible  bandwidth  problem,  the 
following  paragraphs  detail  how  solutions  may  be  integrated 
into  the  LQR  design  procedure  if  required. 
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2.7.1  Digitization 


Several  methods  exist  for  implementing  a control  algorithm 
in  a digital  computer.  The  first  and  most  commonly  used  method 
starts  with  a control  law  designed  as  a continuous  system  and 
uses  one  of  several  discrete  approximation  techniques  (reviewed 
recently  by  Slater  [43]).  These  techniques  generally  give 
good  performance  if  the  sample  rate,  , is  significantly 
(>  factor  of  10)  faster  than  any  of  the  closed-loop  roots  of 
the  system.  The  closed- loop  roots  include  the  important  actu- 
ator loop  closures  as  well  as  the  loops  within  the  controller 
itself.  The  effect  of  the  controller  loops  for  a turbine  appli- 
cation has  been  discussed  recently  by  Cwynar,  et  al.  [19].  For 
moderate  sample  rates  (cn^  = 2 -»■  5 x closed-loop  roots),  discrete 
approximation  techniques  can  lead  to  changes  in  performance 
including  instabilities  in  extreme  cases. 

The  change  in  performance  arises  from  two  sources.  First, 
some  high  frequency  information  is  lost  by  sampling  instead 
of  using  the  continuous  signal.  Second,  there  may  be  a dead 
time  introduced  by  the  computer  computational  delay.  Cwynar 
showed  that  the  dead  time  was  the  more  significant  of  the  two 
effects  in  a turbine  control  application. 

An  alternative  to  continuous  design  is  to  use  a direct 
digital  technique.  Methods  in  this  category  include  w-plane 
[44],  z-plane  Nyquist,  and  state  space  techniques  [45].  All 
these  methods  eliminate  the  change  in  performance  between 
analysis  and  implementation  due  to  sampling  and  computation 
delay  in  the  feedback  loops.  They  do  not  eliminate  the  delay 
due  to  sampling  the  input  command,  however.  These  methods 
derive  their  accuracy  in  analysis  by  completely  modeling  the 
plant  including  any  computation  delays  that  may  exist  in  the 
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physical  implementation,  a feature  that  fits  easily  into  the 
discrete  representation  of  a system,  but  is  cumbersome  in  a 
continuous  representation. 

In  early  design  iterations  of  an  LQR  controller,  the 
increased  complexity  of  computations  and  the  loss  of  physical 
insight  for  direct  digital  design  dictate  that  these  methods 
should  not  be  used.  Once  a design  is  established  using  con- 
tinuous analysis,  it  is  beneficial  to  evaluate  the  relation- 
ship between  closed-loop  roots  and  proposed  sample  rates  to 
determine  whether  a discrete  refinement  of  the  design  is  war- 
ranted. Previous  work  [19]  in  a digital  control  implementation 
to  a gas  turbine  concluded  a sample  rate  2 to  5 times  faster 
than  the  fastest  dynamic  time  constant  was  required  for  adequate 
control.  Since  the  fastest  closed-loop  root  is  at  approximately 
10-15  rad/sec  in  the  controller  and  a sampling  rate  of  20  msec 
could  be  achieved,  then  discrete  refinement  of  the  LQR  designs 
was  not  required  for  implementation  on  the  Lewis  facility. 

2.7.2  Word  Size 


For  digital  implementations,  the  effect  of  a finite 
computer  word  size  can  be  important.  The  primary  concern  is 
the  sensitivity  of  dynamic  elements  in  the  controller  to  im- 
perfect coefficient  storage  due  to  a finite  number  of  bits. 
This  sensitivity  decreases  as  the  sample  rate  decreases; 
hence,  the  desirability  to  determine  the  slowest  practical 
sample  rate.  This  effect  was  found  to  be  particularly  import- 
ant in  the  Apollo  digital  autopilot  [46]  and  was  found  to 
lead  to  instabilities  if  not  specifically  accounted  for  in  the 
design.  Hybrid  testing  of  the  controller  implementation  is 
required  to  evaluate  these  effects. 


2 . 8 SUMMARY 


This  chapter  presents  the  performance  requirements  for 
typical  turbofan  engines,  imposed  by  desired  engine  responses 
and  aerodynamic,  thermal,  and  mechanical  constraints,  on  its 
components.  The  engine  control  operating  within  these  con- 
straints must  provide  safe  and  stable  performance  over  the 
engine  flight  envelope. 

Previous  classical  and  modern  techniques  used  for  turbine 
engine  control  synthesis  are  discussed  in  detail  to  bring  out 
the  achievements  and  pitfalls  of  each  approach.  Next,  the 
basic  methods  of  the  SCI  (Vt)  approach  for  the  design  of  con- 
trol systems  for  nonlinear  systems,  based  on  the  linear  quad- 
ratic regulator  approach  of  modern  control  theory,  is  presented. 
These  techniques  have  been  applied  successfully  to  other  non- 
linear systems,  and  are  specialized  to  the  engine  control 
problem.  The  highlight  of  these  methods  for  application  to 
engine  control  is  the  complete  integration  of:  (1)  engine 
control  requirements,  (2)  the  role  of  nonlinear  engine  simula- 
tion, (3)  the  LQR  approach,  and  (4)  the  control  implementation 
environment  including  the  NASA-LeRC  altitude  test  facility 
and  the  related  computer  hardware. 

The  remaining  chapters  show  specifically  how  these  tech- 
niques were  integrated  to  yield  a procedure  which  designs  a 
practical,  effective  controller  for  the  Pratt  8 Whitney 
Aircraft  FlOO  turbofan  engine. 
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CHAPTER  III 


LINEAR  QUADRATIC  REGULATOR  SYNTHESIS  TECHNIQUES 


3.1  OVERVIEW 

The  design  of  controls  for  nonlinear  physical  systems 
can  be  based  on  assumptions  of  nearly  linear  plant  behavior 
about  a nominal  operating  point.  Using  these  assumptions,  a 
wide  spectrum  of  techniques  for  linear  time  and  frequency 
domain  analysis  are  available.  Resulting  controllers  must 
then  be  verified  on  nonlinear  simulations  of  the  system  or  on 
the  system  itself. 

Procedures  for  the  design  of  linear  multivariable  con- 
trol systems  using  optimal  regulator  theory  are  well  known 
and  many  techniques  for  utilization  of  the  theory  to  attack 
problems  addressed  in  single-loop  classical  control  have  an 
abundant  literature  [47].  In  this  chapter,  the  foundations 
of  the  state  variable  formulation  of  the  linear  optimal  regu- 
lator problem  will  be  reviewed.  Various  structures  and 
specific  choice  of  optimal  performance  terms  are  presented 
from  a physically  intuitive  point  of  view.  Iterative  proced- 
ures are  discussed.  A group  of  techniques  for  altering  the 
formulation  of  the  problem  to  accommodate  physical  limits  aiid 
steady-state  response  are  shown. 

Systems  designed  with  modern  control  methods  have  been 
criticized  for  being  sensitive  to  parameter  variations  and  too 
complex  for  practical  implementation.  Techniques  are  discussed 
for  designing  systems  with  minimal  sensitivity  to  parameter 
variations  using  both  explicit  and  implicit  formulations. 
Simplification  of  the  control  law  is  discussed  from  an 
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eigenvalue  sensitivity  viewpoint  and  fixed  structure  optimiza- 
tion procedures  are  presented  for  comparison.  Finally, 
discrete  time  forms  are  summarized  and  the  conditions  of  equiva- 
lence to  the  continuous  time  solutions  are  reviewed.  Table 
3.1  summarizes  the  organization  of  the  chapter  and  the  import- 
ant topics  discussed. 


Table  3.1 

Organization  of  Chapter  III 


SECTION 

IMPORTANT  TOPICS 

3.1 

Overview 

3.2 

Theoretical  Foundations 

• Regulator  Solution 

• Alternate  Forms 

3.3 

Performance  Index  Selection 

• Scaling 

• Root  Square  Locus 

• Modal  Sensitivities 

3.4 

Augmenting  the  Performance  Index 

• Control  Rate/ Acceleration  Weighting 

• Actuator  Models 

• Output  Augmentation 

3.5 

Integral  Control  Synthesis 

• Direct  Augmentation 

• Disturbance  Estimation 

• Spectral  Decoupling 

3.6 

System  Parameter  Insensitivity 

• Modal  Sensitivities 

• Techniques  for  Sensitivity  Reduction 

3.7 

Simplification  of  Control  Laws 

• Sensitivity  Calculations 

• Fixed  Structure  Optimization 

3.8 

Discrete  Optimal  Control  Problem 

• Theoretical  Development 

• Comparison  to  Continuous  Time  Solution 

3.9 

Summary 
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7^.2  BASIS  OF  LINEAR  QUADRATIC  REGULATOR  DESIGN  METHOD 


The  linear  optimal  regulator  solution  is  derived  within 
the  context  of  global  optimization  and  perturbational  forms 
for  systems  of  differential  equations  written  in  state  vari- 
able format. 

3.2.1  Linear  System  Description 

The  linear  quadratic  regulator  synthesis  procedure  oper- 
ates on  a set  of  first  order,  ordinary  differential  equations 
which,  over  some  regime,  describe  system  dynamic  behavior.  In 
the  case  of  most  physical  systems,  the  dynamic  variables,  or 
states,  describe  perturbational  motion  from  a nominal  or  equi- 
librium condition.  The  nonlinear  development  of  the  control 
will  be  considered  in  Chapter  IV.  In  the  following,  the  linear 
theory  will  be  emphasized  as  to  its  applicability  to  often 
encountered  problems  in  nonlinear  systems. 

The  state  variable  description  of  a linear  dynamic  system 
can  be  represented  in  matrix  notation  as  follows: 

x(t)  = F(t)x(t)  + G(t)u(t)  (3.1) 

where  the  (nxl)  column  vector  of  states,  x,  contains  elements 
whose  behavior  in  response  to  initial  conditions  and  control 
inputs  completely  describes  the  important  dynamic  interactions. 
The  (mxl)  control  vector,  u,  contains  elements  corresponding 
to  variables  available  to  the  controller  which  affect  the 
response  of  the  system.  The  (nxn)  matrix,  F,  describes  the 
dynamics  of  the  states,  and  the  (nxm)  control  distribution 
matrix,  G,  models  the  effect  of  control  modulation  on  state 
response . 
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It  should  be  noted  that  the  state  variable  description 
in  Eq . (3.1)  implies  that  a knowledge  of  the  control  time  his- 
tory and  the  state  vector  at  one  instant  of  time  is  sufficient 
to  determine  the  entire  state  time  history.  Often,  quantities 
of  interest  to  the  control  engineer  outnumber  the  order  of  the 
dynamics  in  Eq.  (3.1).  In  this  case,  the  system  model  can  be 
specified  as  in  Eq.  (3.1)  along  with  a static  relationship 
describing  other  important  quantities  or  outputs  of  the 
system.  This  relation  is  described  by  the  linear  equations 
relating  the  (pxl)  output  vector,  y,  to  the  state  and  con- 
trol variables  by  the  (pxn)  state  output  distribution  matrix, 
H,  and  the  (pxm)  control  output  distribution  matrix,  D,  as 
follows : 


y(t)  = H(t)x(t)  + D(t)u(t)  (3.2) 

The  system  of  equations  (3.1)  and  (3.2),  called  the  design 
model , are  the  general  dynamic  description  of  the  plant  behavior 
used  in  quadratic  synthesis. 

3.2.2  Quadratic  Cost  Functional 

Along  with  the  design  model,  linear  quadratic  regulator 
synthesis  requires  a subjective  judgment  by  the  control 
designer  on  the  character  of  the  closed-loop  dynamic  behavior 
which  is  acceptable  or  desirable  in  a particular  situation. 
Typically,  control  designs  must  accurately  regulate  the  system 
in  the  presence  of  disturbances  near  a static  equilibrium 
condition  and  provide  a smooth  transition  from  one  operating 
point  to  another  f47].  Quantification  of  this  judgment 
requires  specification  of  a cost  functional  for  control  given 
as  follows: 
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(3.3) 


J(x,u)  = cp[x(t^)  ,t^]  +/  L[x(t)  ,u(t)  ,t]dt 


where  cp  and  L are  functions  of  the  state  and  control  which 
penalize  the  terminal  trajectory  error  and  the  sum  of  the  tra- 
jectory errors  over  a specified  interval,  respectively. 

Specialization  of  Eq.  (3.3)  to  matrix  quadratic  forms 
simplifies  the  resulting  control  law.  Objective  functionals 
used  in  the  linear  quadratic  optimal  control  problem  may  be 
of  the  following  types  [48] : 

State/Control  Weight i n g ; 


J(x,u)  = x^(t£)S(t^)x(t^)  + j [x^(t)A(t)x(t) 


+ u^ (t)B(t)u(t)]dt 


(3.4) 


Output  Weighting: 


J(x,u)  = y^(t^)S(t^)y(t^)  + [y^(t)Q(t)y(t)  ]dt  (3.5) 

"o 


Follower : 


:,u)  - 2 J 


{[y(t)-yo(t)]^  Q(t)[y(t)-y^(t)] 


+ u^ (t)B(t)u(t) }dt 


(3.6) 
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The  matrix  S represents  the  quadratic  penalty  on  ter- 
minal error  and  the  matrices  A,  B,  and  Q represent  quad- 
ratic penalties  on  the  trajectory  error.  The  function 
represents  a desired  output  trajectory.  For  the  regulator 
problem,  it  is  possible  to  assume  that  S -►  0 and  t^  ^ to 
eliminate  the  effect  of  the  terminal  miss  [48].  However,  S 
will  be  retained  in  the  following  to  maintain  generality.  Each 
of  the  cost  functionals  shown  above  produces  control  laws 
involving  state  variable  feedback.  The  particular  form  used 
by  the  designer  is  dependent  on  the  control  criteria  of  the 
desired  system  response. 

3.2.3  Solution  to  the  Optimization 

The  optimal  control  problem  requires  the  calculation  of 
the  control  time  history  u(t)  which  minimizes  the  cost  func- 
tional, J(x,u),  for  a specified  initial  condition.  The 
optimal  control  problem  can  be  formally  posed  as  follows; 

min  J(x,u)  = min  / [x(t)^Ax(t)  + u'^(t)Bu(t)]  (3.7) 

u(t)  u(t)7 

"o 

subject  to  the  constraint, 

i(t)  = F(t)x(t)  + G(t)u(t)  (3.8) 

and 

x(to)  = . (3.9) 

The  solution  will  be  reviewed  briefly  and  specialization  to 
cost  functions  given  in  Eqs.  (3.5)  and  (3.6)  discussed. 


Adjoining  the  constraint  Eq.  (3.8)  to  the  cost  function 
with  Lagrange  multipliers,  A(t),  yields  the  Hamiltonian 
function  for  the  problem  [47]: 

IT  IT  T 

.>i!f(x,u,X)  = 2 X Ax  + j u Bu  + X [ fx  + Gu]  (3.10) 

The  necessary  conditions  for  optimality  are  then  as  follows; 


~ ' dx 


>“(t£)  = S(t£)x(t£) 


(3.11) 


0 


3^ 

9u 


(3.12) 


The  linear,  two-point  boundary  value  problem  to  be  solved  for 
the  optimal  control  is  specified  by  the  Euler-Lagrange  system 
of  linear,  homogeneous  differential  equations; 


X 

X 


x(to) 


X 


o 


X(t£)  - S(t£)x(t£) 


(3.13) 


(3.14) 


For  the  special  case  of  constant  system  and  weighting 
matrices,  the  dynamics  matrix,  H,  of  Eq.  (3.14)  has  singulari- 
ties that  are  symmetric  about  the  real  and  imaginary  axes  in 
the  complex  plane.  The  solution  to  Eq.  (3.13)  with  constant 
coefficients  can  be  formulated  for  a point  interior  to  the 
interval  (t^,t£)  using  the  modal  decomposition  of  H [48]. 

The  modal  decomposition  can  be  written  as  follows: 

H = jrA.r'^  (3.15) 
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where  right  eigenvectors  of  H form  the  transformation  matrix 
as  follows 


[u^,  U2,  . 


’ % ^1’  ^2’  • 


...  uj 


(3.16) 


and  the  right  (+)  and  left  (-)  half  plane  eigenvalues  are  par- 
titioned as  follows: 


0 A 


(3.17) 


The  modal  coordinate  representation  of  the  system  in  Eq.  (3.13) 
is  as  follows: 


z = Az 


(3.18) 


The  solution  to  Eq.  (3.13)  can  be  formally  written  for  a point 


t < t < tr  as  follows 
o f 


X(t) 


11  11 

9+(t-tf)  z(t^)  cp_  (t-t^)z(t^) 


(3.19) 


where  T^^  and  T^2  partitions  of  the  eigenvectors  for 

positive  eigenvalues  and  T'^  ana  Tj2  are  partitions  of  the 
eigenvectors  for  the  negative  eigenvalues.  The  following 


definitions  have  been  made: 


<p^(t)  = exp(A^T) 


(3.20) 


(p_(t)  = exp(A_t) 


(3.21) 


Adjoining  the  constraint  hq.  (3.8)  to  the  cost  function 
with  Lagrange  multipliers,  X(t),  yields  the  Hamiltonian 
function  for  the  problem  [47]: 

,>i?(x,u,X.)  = j x^Ax  + u^Bu  + X^[fx  + Gu]  (3.10) 

The  necessary  conditions  for  optimality  are  then  as  follows: 


■ If  = S(t^)x(tf)  (3.11) 

0 = |f  (3.12) 


The  linear,  two-point  boundary  value  problem  to  be  solved  for 
the  optimal  control  is  specified  by  the  Euler-Lagrange  system 
of  linear,  homogeneous  differential  equations: 


X 

X 


-F 


x(t^)  = X 

0-^  0 

^(tf)  = S(t^)x(t^) 


(3.13) 


(3.14) 


For  the  special  case  of  constant  system  and  weighting 
matrices,  the  dynamics  matrix,  H,  of  Eq.  (3.14)  has  singulari- 
ties that  are  symmetric  about  the  real  and  imaginary  axes  in 
the  complex  plane.  The  solution  to  Eq.  (3.13)  with  constant 
coefficients  can  be  formulated  for  a point  interior  to  the 
interval  (t^,t£)  using  the  modal  decomposition  of  H [48], 

The  modal  decomposition  can  be  written  as  follows: 

H = (3.15) 
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Using  Eq.  (3.12),  the  form  of  the  control  law  is  as  follows: 

u(t)  = \(t)  . (3.22) 

Since  Eqs.  (3.13)  are  homogeneous,  the  time-varying  solutions 
are  proportional  to  the  initial  state  and  the  control  law 
must  have  the  form: 

u(t)  = C(t)x(t^)  . (3.23) 

3.2.4  Steady-State  Solution 


If  all  elements  in  the  system  dynamics  and  the  cost  func- 
tional are  constant  and  under  some  conditions  of  controllabil- 
ity and  stability  [48],  the  feedback  law,  Eq.  (3.23),  simpli- 
fies to  a constant  gain  state  feedback  matrix  determined,  from 
the  solution  Eq . (3.19)  of  the  Euler-Lagrange  equations,  at  a 
time  point  far  from  the  terminal  conditions.  Equation  (3.19) 
reduces  to  the  following: 


x(t)  = (p.Ct-t^)  z(t^) 

(3.24) 

X(t)  = T'2  9.(t-t^)  z(tp) 

(3.25) 

- 1 

X(t)  = T^2^T^^)  ^ x(t)  . 

The  control  law  can  be  written  from  Eq.  (3.24)  as  follows: 

u(t)  = -b'^g'^ 
or 

u(t)  = Cx(t) 

where  C is  the  (mxn)  constant  state  feedback  gain  matrix 
for  the  optimization  problem;  C will  be  referred  to  as  the 
regulator  solution. 


(3.26) 

(3.27) 
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Several  properties  of  the  closed-loop  system  should  be 
noted.  The  closed-loop  poles  are  the  left  half  plane  poles 
of  the  Euler-Lagrange  system  of  Eq.  (3.13).  The  resulting 
plant  is  always  strictly  stable  if  the  characteristics  of  the 
F,  G,  A,  and  B matrices  are  satisfactory  [48] . The  tech- 
nique described  produces  suboptimal  solutions  to  the  finite 
time  problem.  However,  it  often  results  in  satisfactory  con- 
trollers for  multivariable  linear  systems.  The  simplicity  of 
the  state  feedback  control  law  makes  this  procedure  attractive 
to  the  designer  interested  in  utilizing  the  full  range  of 
couplings  available  in  a large  system. 

3.2.5  Generalized  Results 


The  control  laws  resulting  from  the  cost  functional  shown 
in  Eqs.  (3.5)  and  (3.7)  can  be  derived  in  an  analogous  proced- 
ure [49,50].  The  important  results  are  shown  below. 

Output  Weighting 

For  y = Hx  + Du,  the  following  equations  relate  Eq. 
(3.5)  to  Eq.  (3.4)  [47]  : 


y^Qy  = x^h'^QHx  + u'^d'^QDu  + x'^H^QDu  + u'^D^QHx  (3.28) 


and 


1 / r T 1 

2 / [X  u 


H^QH  : H^QD 

1 

X 

D^QH  ; D^QD_ 

u 

dt 


(3.29) 


This  form  is  equivalent  to  the  problem  described  in  Sections 
3.2.3  and  3.2.4  with  the  system  of  equations: 


X = [F  - G(D^QD)‘^d'^QH]x  + Gu 


(3.30) 
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r 


where 


J 


j (x^Xx  + u^Bu)  dt 
t 

0 


A = Q - H^QD(d'''qD)'^  d'^QH 
B = D^QD 


(3.31) 

(3.32) 

(3.33) 


Follower  Solutions  [42,50] 

Two  forms  of  the  follower  solution  are  important  in  linear 
controls  design.  The  general  follower  solution  for  the  cost 
functional  in  Eq . (3.7)  is  easily  derivable  for  the  steady 
state  optimal  gains.  The  desired  set  of  output  trajectories 
is  given  as  follows: 


Td  = f(t) 


(3.34) 


and  the  actual  output,  y(t),  is  described  as  a linear  function 
of  the  states  and  controls. 


y = Hx  + Du  . (3.35) 

For  the  special  case  where  D e 0,  Eq.  (3.7)  is  written  as 
follows : 


>J(x,u)  = ^ 


Y j [(Hx-y^)^Q(Hx-y^)  + u^Bu]  dt 


(3.36) 


and  the  solution  is  given  as  follows: 


u = Cx  + w(t) 


(3.37) 
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where  C is  calculated  from  the  regulator  solution  given  in 

Sections  3.3  and  3.4  with  the  state  weighting  matrix  given  by 
T 

H QH.  The  feedforward  bias,  w(t) , is  found  from  the  solution 
of  the  linear  equation 


q = - H^Q  y^(t) 


q(to)  = 0 


wCt)  = q(t) 


(3.38) 


(3.39) 


(3.40) 


where  = F + GC. 

A more  useful  result  is  obtained  when  the  state  and  con- 
trol time  histories  are  completely  specified.  In  this  case, 


^d  = 


^d  = fu(^) 


(3.41) 


(3.42) 


with  assumed  differentiable.  The  cost  functional  is 

written  as  follows: 

^f 

J(x,u)  = I y*  [ (x-X(j)^A(x-x^)  + (u-Uj)^B(u-u^)  ]dt 


(3.43) 


The  solution  to  the  optimization  problem  is  as  follows 


[50]: 


u = C[x(t)-x.(t)]  w(t) 


w(t)  = -B‘-'G'q(t)  + u,(t) 


(3.44) 


(3.45) 


q = + S[k^ 


(3.46) 


- Fx^  - Gu^] 


q(tf)  = 0 

T 

where  S is  a constant  matrix  (G  S = BC) . 

The  results  in  Eqs.  (3.44)  - (3.46)  have  strong  implica- 
tion in  multivariable  control  design.  The  optima:  feedback 
gain  matrix  is  calculated  independently  of  the  follower  prob- 
lem. The  control  is  implemented  as  perturbations  away  from  the 
programmed  trajectory  with  a control  feedforward.  If  the 
trajectory  is  a solution  to  the  open-loop  dynamics  of  the  plant, 
then  the  control  law  in  Eq . (3.44)  is  equivalent  to  a pertur- 
bational  controller  regulating  the  system  about  a nominal 
trajectory  specified  by  w(t)  = Uj(t) . The  results  of  this 
separation  property  of  the  regulator  and  follower  are  utilized 
directly  in  the  formulation  of  the  multivariable  control  struc- 
ture discussed  in  Chapter  IV. 

3.3  SELECTION  OF  PERFORMANCE  INDEX 

The  results  of  linear  quadratic  regulator  theory  are 
predicated  on  the  selection  of  weightings  in  the  performance 
index.  Several  methods  are  available  to  choose  values  in  the 
A and  B matrices  which  produce  acceptable  transient  behavior. 

3.3.1  Scale  Factor  Weightings  (Bryson's  Rule)  [47] 

Typically,  the  matrices  weighting  stages  and  controls  in 
the  regulator  performance  index,  Eq . (3.4),  are  chosen  to  be 
diagonal.  There  are  m+n  design  parameters  which  determine 
the  amount  of  control  action  used  to  null  state  deviations 
away  from  nominal.  If  scale  factors  are  chosen  for  each  state 
and  control  which  determine  a subjective  equivalent  (e.g.,  the 
amount  of  control  to  be  used  to  null  a given  amount  of  state 
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deviation),  then  the  design  model  Eq.  (3.1)  can  be  scaled,  as 
follows : 


X*  = F*x*  + G*u* 

(3.47) 

X*  = x/x„^„ 

nom 

(3.48) 

u*  = u/u 

nom 

(3.49) 

F’? . = F . . X . /x  - 

^nom  ^nom 

(3.50) 

G*.  = G. . u.  /u. 

Jnom  "nom 

(3.51) 

. ft  _ 

J = j j (x*"a*x*  + u*^Bu*)dt 

(3.52) 

The  relationship  between  the  regulator  problem  using 
Eqs . (3.8)  and  (3.9)  and  the  problem  using  Eqs . (3.47)  and 

(3.52)  is  as  follows: 


A.  = 
1 

A| 

B.  = 
1 

B* 

1 

(3.53) 

(3.54) 


On  the  initial  design  iteration.  A*  and  B*  can  be 
chosen  as  identity  matrices  and  variations  in  the  values  of  the 
matrix  elements  in  subsequent  iterations  are  directly  identifi- 
able as  fractionally  related  to  changes  in  the  initial  design. 

3.3.2  Root  Square  Locus  [51] 

After  initial  evaluation  of  the  closed-loop  response  of 
the  regulated  system,  it  is  often  desirable  to  modify  the 
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weightings  to  improve  the  behavior  either  from  a time  domain 
or  frequency  domain  point  of  view.  Approximation  of  the  pole 
movement  with  adjustments  in  performance  index  weighting  per- 
mits the  designer  to  satisfy  bandwidth  and  damping  requirements 
with  direct  adjustment  to  weighting  elements.  Also,  if  the 
frequency  and  damping  are  acceptable  but  the  mode  shape  of  the 
response  is  not  acceptable,  or  if  one  or  more  controls  are 
saturated  by  typical  transient  maneuvers,  the  state  and  control 
weightings  can  be  varied  in  such  a way  that  the  closed-loop 
frequency  and  damping  remain  the  same,  but  the  modal  response 
characteristics  are  improved  with  an  improved  distribution  of 
control  activity. 

The  root  square  locus  procedure  is  applicable  to  single- 
input, multi-output  (SIMO)  or  multi-input,  single-output  (MISO) 
systems.  It  has  the  advantage  of  using  readily  available 
transfer  function  information  (see  Appendix  D,  Section  D.3) 
to  determine  the  effect  of  state  and  control  weightings  on  the 
closed-loop  root  locations.  From  Eq.  (3.13),  the  characterist- 
ic equation  of  the  Laplace  transform  of  the  equation  can  be 
written  as  follows: 


det 


sI-F 

A 


-IT 

GB 

T 

Sl+F^ 


0 


(3.55a) 


This  expression  can  be  expanded  as  follows: 

det(sI  + F'^)  det[sI-F-GB'^G'^(sI+F’^)’^A]  = 0 (3.55b) 

Using  elementary  determinant  operations,  the  characteristic 
equation  can  be  expressed  as  follows: 

det[B+G^(-sI-F^)'^A(sI-F)‘^G]  = 0 (3.55c) 
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Defining  X(s)  as  the  (nxm)  system  transfer  function  matrix. 


X{s)  = (sI-F)'^G  , C3.55d) 

the  root  square  locus  equation  is  given  as  follows: 

det[B  + x'^(-s)A  X(s)]  = 0 (3.55e) 


These  may  be  simplified  to  either  the  single-input  or  single- 
output case. 

Thus,  the  closed-loop  root  locations  for  an  optimal  con- 
troller are  found  as  the  left  half  plane  roots  of  the  following 
expressions : 


where 


SIMO:  b + x^(-s)  Ax^Cs)  = 0 
MISO:  j + Xj^(s)B'^  xJ(-s)  = 0 


X(.(s)  = 


^1 

— (s) 
u '■  ^ 


x„ 

— (s) 


C3.55f) 

(3.55g) 


(3.56a) 


Cr(s)  . : ...  ; i(s)j 


(3.56b) 


Equation  (3.55)  can  be  solved  using  a standard  multi- 
closure root  locus  procedure  as  illustrated  in  Figure  3.1. 

The  transfer  function  poles  and  zeroes  are  plotted  on  the  com- 
plex plane.  The  singularities  are  reflected  over  the  imaginary 
axis.  A root  locus  is  then  drawn.  The  locus  parameter  is  the 
weighting  ratio  in  the  cost  functional.  The  effects  of  weight- 
ing can  be  clearly  exhibited  before  detailed  design  iteration. 
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SYSTEM:  x » - ax  + pjUj  + P2U2 
COST:  J=jy  [ax^  + bjUj  + bjU^Jdt 


0 

ROOT  SQUARE  LOCUS 
EQUATION: 


1 


P? 


0 


Figure  3.1  Illustration  of  Root  Square  Locus  Technique 
for  Approximating  Closed-Loop  Root  Locations 


The  procedure  can  be  extended  to  multi-input,  multi- 
output systems  using  modal  coordinates.  The  technique  results 
in  a multivariable  pole  placement  algorithm.  The  development 
follows  from  Eqs.  (3.55).  The  modal  system  is 

X = Tz  (3.57a) 
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Assuming  real  eigenvalues  for  simplicity  of  notation  (the 
generalization  to  complex  roots  is  straightforward) 


• 

z = Az  + 3u 

(3.57b) 

or 

^i  " ^i^i 

i = l ,n 

(3.57c) 

and 

^i(s)  - -lii- 

u/^5  s-Xi 

(3.57d) 

Choosing  the  control  weightings,  B,  a priori,  each  eigenvalue 
can  be  placed  using  the  multi-loop  closure  root  locus  equation: 

1 in  ^i^i 

+ 2 5-  = 0 (3.58a) 

a. 

This  equation  yields  values  of  a^  which  result  in  roots  at 
s = +X^.  The  optimal  modal  weighting  matrix  can  be  written  as 
follows : 


A = diag{a^}  i=l,n  (3.58b) 

and  a corresponding  optimal  state  feedback  control  problem  can 
be  solved  for  the  feedback  gains  in  terms  of  the  original  state 
variables : 


J(x,u) 


min 

u(t) 


j j [x^(T'^  AT‘^)x  + u^Bu] 
0 


dt 


(3.58c) 


-T~  - 1 - 

where  the  state  weighting  matrix,  (T  AT  ),  is  not  necessarily 
diagonal . 
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3.3.3  Modal  Sensitivities  [52] 


An  alternative  to  root  square  locus  analysis  exists  for 
the  development  of  an  acceptable  set  of  cost  function  weight- 
ings. This  procedure  is  also  attractive  because  it  utilizes 
the  model  decomposition  of  the  Euler-Lagrange  system  in  the 
control  gain  cilculation  described  in  Section  3.2.  This 
decomposition  is  repeated  as  follows: 

HdT  = ,rA  (3.59) 


where  the  similarity  transformation  ^ consists  of  columns  of 
eigenvectors  of  H,  and  A is  a 2nx2n  diagonal  matrix  of 
eigenvalues  of  H.  Both  and  A contain  complex  elements. 

The  LHP  elements  of  A are  the  eigenvalues  of  the  controlled 
system.  Differentiation  of  Eq.  (3.59)  with  respect  to  any 
element,  0,  of  H (i.e.,  elements  of  F,  G,  A,  B,  H, 

D,  etc.)  yields  the  following  expression  for  the  closed-loop 
eigenvalue  sensitivity: 


9H  , 


.r 


dA 

5F 


(3.60) 


9H 

ae 


jrdiag(ax^/a0) 


(3.61) 


The  sensitivity  matrix,  aH/a0,  contains  mostly  zeroes  and 
ones,  depending  on  the  element  chosen  as  the  independent  vari- 
able. Calculation  in  Eq.  (3.61)  is  then  easily  carried  out 
in  unison  with  the  computation  of  the  optimal  control  laws  for 
elements  of  the  state  and  control  weighting  matrices,  A and 
B.  The  sensitivity  of  the  eigenvalues  is  normally  expressed 
as  follows: 


dX. 

1 

90. /0- 
1 1 


(3.62) 
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where  is  a complex  vector  describing  the  magnitude  and 

direction  of  closed-loop  eigenvalue  movement  for  a change  in 
weighting  element  0^^.  Selecting  weights  to  satisfy  eigenvalue 
location  requirements  (e.g.,  frequency  and  damping)  is  system- 
atic and  efficient  using  the  procedure.  A discussion  of  an 
algorithm  using  only  real  arithmetic  is  included  in  Appendix  A. 

3.4  TECHNIQUES  FOR  AUGMENTING  THE  PERFORMANCE  INDEX 

The  techniques  described  in  Section  3.3  allow  the  designer 
to  obtain  a set  of  weightings  in  the  performance  index  which 
satisfy  the  controls  criteria.  Sometimes,  a given  form  of  the 
performance  index  will  not  produce  control  inputs  which  are 
satisfactory  for  any  set  of  weightings.  In  this  case,  the 
specific  nature  of  the  problem  can  be  analyzed  and  an  appropri- 
ate modification  to  the  structure  of  the  performance  index  made 
to  accommodate  the  expanded  criteria.  A group  of  the  proced- 
ures are  described  below. 

3.4.1  Weights  on  Control  Rates  and  Acceleration 


Occasionally,  an  actuator  will  have  a small  rate  satura- 
tion characteristic  or  a low  bandwidth  relative  to  the  control 
system  response  so  that  the  regulator  will  produce  commands 
which  cannot  be  accurately  followed.  This  situation  causes 
unsatisfactory  and  even  unstable  behavior.  Similarly,  force 
limited  actuators  have  acceleration  saturation  which  prevents 
acceptable  response. 

A cost  functional  can  be  written  which  explicitly  weights 
actuator  rates  and  acceleration  as  shown  below  [42] : 


(3.63) 
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This  procedure  is  equivalent  to  formulating  a new,  augmented 
design  model  with  the  control  deflections,  deflection  rates  as 
additional  states,  and  the  control  acceleration  as  the  control 
variable . 

To  find  the  control  that  minimizes  the  new  cost  function- 
al, a "new"  control,  jx  = u,  is  defined.  The  system  state 
equation  augmented  by  u(t)  and  u(t)  is  as  follows: 


Xa(t)  = F^Ct)  x^(t)  + G^p(t) 


where 

= col[x,  u,  u] 

and 

0 
0 
I 


Fa  = 


F G 0 
0 0 I 
0 0 0 


(3.64) 


(3.65) 


The  optimal  regulator  law  derived  for  Eqs.  (3.65)  and  (3.63) 
is  as  follows: 


p 

= C^x 

+ C u 

+ C*u 

X 

u 

u 

ij 

- C*u 

1 

n 

c 

= C^x 

u 

u 

X 

(3.66) 

(3.67) 


Equation  (3.67)  describes  a multivariable  filter  for  the 
control  command  which  limits  rate  and  acceleration  inputs  to 
the  actuator.  Schematically,  the  implementation  of  the  vector 
control  law  is  shown  in  Figure  3.2. 


3.4.2  Control  Actuator  Models 


Often,  actuators  demonstrate  bandlimited  behavior  within 
the  frequency  range  of  interest.  Techniques  demonstrated  in 
Section  3.4.1  can  be  utilized  to  accommodate  such  situations. 
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Figure  3,2  Command  Filter  for  Rate  and  Acceleration 

Limited  Actuators 


Occasionally,  direct  measurements  of  the  control  deflection  are 
available.  For  example,  in  the  case  of  a servo-mechanism, 
feedback  of  actuator  position  in  the  servo  loop  might  be  in  a 
form  (e.g.,  an  electronic  signal)  directly  compatible  with 
the  controller.  This  situation  elminates  the  need  for  dynamic 
control  elements  and  simplifies  the  physical  implementation. 

A more  detailed  model  of  the  actuator  can  be  included  in  the 
design  model  without  the  necessity  of  additional  implementa- 
tion complexity  (e.g.,  the  command  filter). 

Typically,  actuators  can  be  modeled  as  follows: 

u = F^u  + G^w  (3.68) 


where  F^  and  describe  the  linearized  internal  dynamics 
of  the  control  actuator  and  u and  w are  internal  actuator 
states  and  inputs,  respectively. 

The  augmented  design  model  becomes  the  following: 


d 

at 


X 

( 

F G 

X 

1 

o 

II 

+ 

u 

f— 

o 

> 

u 

[gJ 

(3.69) 
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and  the  performance  index  is  written  as  follows: 


(3. 70) 


The  optimal  control  law  is  written  (and  implemented)  as 
follows : 


w = CxX  + C^u  (3.71) 

where  the  control  deflection,  u,  is  directly  measured.  Fig- 
ure 3.3  shows  this  system  schematically. 

The  use  of  measured  control  deflections  in  the  multivari- 
able control  law  is  beneficial  only  when  actuator  dynamics  are 
significant  in  the  bandwidth  of  control  action.  In  this  case, 
the  direct  feedback  provides  useful  damping  or  lead  in  the  con- 
trol law. 


Figure  3.3  Controller  Structure  with  Measured  Actuator  Inputs 
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3.4.3  Output  Augmentation 


Occasionally,  an  output  parameter  of  the  system  is  avail- 
able as  a convenient  measurement  (i.e.,  a high  bandwidth,  low 
noise  signal) , and  various  transient  control  criteria  are  ex- 
pressed in  terms  of  this  output  variable.  For  this  reason,  it 
could  be  desirable  to  include  the  variable  as  an  explicit  ele- 
ment of  the  cost  functional  and  the  control  law.  The  reasoning 
behind  the  latter  is  twofold.  First,  by  explicitly  including 
the  output,  model  parameter  uncertainties  do  not  affect  the 
accuracy  of  the  control  law;  i.e.,  there  is  an  explicit  loop 
"around"  this  variable.  Since  this  variable  is  statically 
related  to  the  other  states,  random  errors  associated  with 
set  point  specification  (described  in  Chapter  IV)  which  cause 
the  state  vector  to  hang-off  from  its  desired  value  can  be 
reduced  on  the  average  by  the  inclusion  of  this  added  element. 

The  output  feedback  optimization  problem  can  be  solved 
using  a direct  numerical  optimization  algorithm.  The  result- 
ing control  law  feedbacks  lack  only  the  system  outputs  in  the 
regulator  logic.  There  are  no  closed  form  solutions  as  in  the 
state  feedback  formulation.  It  is  known  that  output  feedback 
cost  functionals  can  be  multi-modal  and  pose  difficult  numeri- 
cal problems  in  their  solution.  An  alternative  to  full  output 
feedback  is  output  augmentation  which  is  discussed  below. 

Since  output  quantities  do  not  have  dynamics,  they  will 
not  be  included  explicitly  as  elements  of  the  control  law 
given  in  the  optimal  solution.  However,  if  an  arbitrarily 
fast  dynamics  is  associated  with  the  output,  it  will  be  includ- 
ed in  the  performance  index  and  control  law  automatically. 

The  method  of  choosing  the  "dynamics"  of  the  output  remains. 
Augmenting  the  state  with  the  following  output  equation 

y = -X(y  - h^x  - d^u)  (3.72) 
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will  cause  the  optimization  to  assign  a gain  to  y in  the 
control  law  and  the  following  properties  will  hold  if  \ is 
large  enough  (relative  to  the  time  constants  of  F) : 

(1)  The  dominant  closed- loop  dynamics  of  the  system  are 
independent  of  the  value  of  X. 

(2)  The  only  weight  in  the  performance  index  which 
affects  the  closed-loop  root  associated  with  the 
open-loop  root  s = -X  is  the  weighting  on  y. 

Thus,  the  precise  choice  of  X will  not  affect  the  gains 
associated  with  the  other  elements  of  the  state  vector  and  the 
particular  output  variable  can  be  weighted  directly. 

3.5  TECHNIQUES  FOR  INTEGRAL  CONTROL  SYNTHESIS 

Often  a system  must  be  designed  to  be  insensitive  to  un- 
certainties in  the  knowledge  of  the  dynamic  behavior  of  the 
system  and  the  disturbance  acting  upon  it.  The  classical 
solution  to  the  "high  d.c.  gain"  requirement  involves  either 
lag  compensation  or  integral  control.  Multivariable  control 
techniques  to  accomplish  this  purpose  are  discussed  below. 

In  general,  a model  for  the  response  of  a linear  or  linear- 
ized system  is  as  follows: 


X = Fx  + Gu  + Pw 
y = Hx  + Du 


(3.73) 


where  P and  w represent  the  effects  of  disturbances  and 
equilibrium  point  mismatches. 


Very  often,  physical  specifications  for  steady-state  can 
be  written  as  follows: 


where  the  set  point  vector,  Xgp » describes  the  point  in  state 
space,  ^sS’  must  be  reached  exactly  for  a given  input, 

Ugp,  and  without  knowledge  of  disturbances. 

For  the  system  (3.73)  with  the  control  law  given  by  the 
following : 


u = C^x  , (3.75) 

the  steady  state  of  the  system  can  be  written 

Xgg  = -(F + GC^)'^  rwgg  (3.76) 

^SS  " *"x^SS  (3.77) 

ygg  = (H  + DC^)Xgg  (3.78) 


Thus,  using  the  state  feedback  law  in  Eq.  (3.75)  is  unaccept- 
able with  regard  to  the  requirements,  Eq.  (3.74),  for  an 
arbitrary  constant  disturbance  because,  in  general,  ^SS ^ ^SP 
for  all  Wgg. 

For  example,  in  a scalar  system,  i.e.,  n = m = p=l,  a 
compensation  network  of  the  form 


, t , s + 1 

X (s)  _ _L 

uCs)  a t^s  + 1 

produces  a steady-state  output 
follows : 


0 < a < 1 (3.79) 

to  a constant  disturbance  as 


ygg  cc  oTWgg  . (3. 80) 

Thus,  ygg  ->•0  as  a -*•  0 and  the  system  becomes  insensitive 
to  disturbances.  Usually,  can  be  made  large  enough,  com- 
pared to  the  dominant  dynamics,  so  that  they  are  unaffected 
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by  the  phase  lag  associated  with  the  compensation  in  Eq.  (3.79). 
This  procedure  satisfies  the  steady-state  requirements  in 
single-loop  systems  with  simple  networks  which  are  designed 
from  a spectrally  decoupled  model,  i.e.. 


(3.81) 


The  solution  to  steady-state  hang-off  problems  in  multi- 
variable  systems  can  be  formulated  from  a similar  construction 
[49,53].  Define  p set  point  quantities  from  Eq.  (3.74)  to 
be  integrated  outputs  as  follows: 


6 = Hx  + Du  - ygp  (3.82) 

The  control  law  designed  for  state  equations  (3.73)  and  (3.82) 
would  have  the  following  form  [48] : 


u = CxX  + C^^(b-ygp)  . (3.83) 

In  steady- state , b = 0 and  from  Eq.  (3.82),  the  design 
criteria,  Eq.  (3.74),  would  be  satisfied.  This  conclusion  is 
valid  for  any  F,  G,  H,  D,  C^,  and  as  long  as  the 

resulting  system  is  stable. 

3.5.1  Optimal  Control  with  State  Augmentation 


From  the  discussion  above,  the  linear  optimal  control 
solution  for  the  augmented  state  equations  may  be  written 
directly  as  follows 


• 

X 

F 0 X 

G 

0 

= 

+ 

u - 

6 

H 0 b 

D 

-^SP. 

(3.84) 
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(3.85) 


‘ >‘0 


b(t  ) = b 
^ o o 


^ / 

tl 


(x^Aj^x  + b^A2b  + u^Bu)  dt 


(3.86) 


(3.87) 


The  problem  can  be  solved  using  the  eigenvector  decomposi- 
tion technique  discussed  in  Section  3.2  and  the  resulting 
control  law,  yielding  a strictly  stable  closed-loop  system,  is 


u = CxX  + C^(b  - ygp) 


(3.88) 


The  control  law  may  be  written  in  terms  o£  a measured  output 
quantity,  y,  as  follows: 

t 

u = C^x  + I C^(y-ygp)  dt  (3.89) 

The  optimization  problem  is  completely  solved  except  for 
the  choice  of  the  initial  conditions  on  the  p integrators  in 
Eq.  (3.89).  These  are  determined  from  the  system  initial  con- 
ditions to  produce  the  minimum  cost  on  Eq.  (3.87)  [49]. 

The  choice  of  weightings  on  the  integrated  state  affects 
the  closed-loop  system  roots.  An  initial  choice  of  weights  on 
b can  be  selected  using  Bryson's  procedure: 

a,  = (3.90) 

where  i is  the  time  allowed  to  bring  a nominal  steady-state 
offset,  y.,  to  zero.  Iterative  techniques  are  almost  always 
required  to  obtain  satisfactory  response  since  the  state 
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augmentation  procedure  produces  highly  coupled,  higher-order 
systems.  The  higher-order  dynamic  interactions  can  cause  more 
sensitive  regulator  designs. 

For  modest  uncertainties  in  the  F,  G,  H and  D para- 
meters, the  optimal  controller,  Eq . (3.89),  will  be  stable  and 
the  steady-state  requirements  will  be  met  exactly. 

Several  methods  exist  which  more  closely  parallel  classi- 
cal loop  gain  modification.  These  procedures  do  not  burden 
the  designer  with  high-order  regulator  synthesis  problems  on 
large  systems,  and  allow  a degree  of  insight  into  the  physical 
character  of  the  problem.  The  optimality  of  the  resulting 
system  with  regard  to  a particular  performance  index  is  relaxed 
in  favor  of  more  intuitive  and  subjective  criteria  of  the 
closed-loop  behavior. 


3.5.2  Disturbance  Estimation  [49] 


A method  of  accommodating  disturbances  directly  into  the 
synthesis  procedure  is  presented  below.  Given  a linear  system 
model  with  a r matrix  of  known  form  and  a set  of  p output 
quantities  which  must  be  held  at  predetermined  values  in  the 
presence  of  the  unknown,  constant  disturbance,  w,  the  system 
equilibrium  can  be  written  as  follows: 


+ GUgg  + rw  = 0 

(3.91) 

* ■ ^SP  “ ® 

(3.92) 

where  Xgg  and  Ugg  are  (n+p)  unknown  quantities.  Assuming  w 
is  known,  the  solution  to  Eqs.  (3.91)  and  (3.92)  is  as  follows: 


^SS 

*M 

xw 
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uw 
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uy  _ 

^SP 

(3.93) 
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where  M , M , M , and  M are  determined  in  one  of 
xw ’ xy  uw ’ uy 

the  following  ways  depending  on  the  conditions  and  dimensions 
of  the  problem: 

(1)  For  p = m,  it  may  be  possible  to  directly  invert 
the  system  of  equations,  or: 


M M 

xw  wy 

M M 

uw  uy 


F G 


T D 


(3.94) 


(2)  For  p < ra  or  if  direct  solution  in  (1)  is  not 
possible,  solve 

J = min  (XggAXgg  + UggBUgg) 

^SS’^SS 

subject  to  Eqs.  (3.91)  and  (3.92)  where  A and  B 
are  chosen  to  weight  state  hang-offs  and  control 
usage  in  steady- state . 

(3)  For  p > m,  in  general,  there  is  no  solution  but 
rank  deficient  static  equations  can  yield  the  type 
of  problem  in  (1)  or  (2) . 

Assuming  that  the  steady-state  control  or  state  vector, 
Xgg  and  is  determined  from  the  above  equation,  the 

control  law  can  be  written  as  follows: 


(3.95) 


u = + C^x  + C^ygp  + C^w 


(3.96) 


where 


C = M -CM 
y uy  X xy 


(3.97) 


C = -(M  - C M )r 

W ^ uw  X XW'' 


(3.98) 


Since  the  disturbances,  w,  appear  in  the  control  law, 
implementation  of  Eq.  (3.96)  will  use  an  estimate  of  w 
constructed  as  follows: 


w = K[(Fx  + Gu  + rw)  - x]  (3.99) 

where  a stable  filter  results  when  K is  chosen  such  that 
roots  of 


det[sl-k]  = 0 


(3.100) 


are  all  LHP.  The  form  of  Eq.  (3.99)  is  identical  to  the 
reduced  order  observer  form  discussed  in  Section  4.7.  This 
modification  allows  implementation  of  Eq.  (3.99)  in  a form 
without  differentiation.  In  steady-state. 


and 


w 


w 


t -»■  OO 


y ysp 


(3.101) 

(3.102) 


from  Eq.  (3.93).  The  implementation  produces  the  modification 
to  Eq.  (3.96)  as  follows: 


u = 


C X 
X 


^y^SP 


C w 
w 


(3.103) 


Alternate  formulation  of  this  result  ties  together  standard 
integral  control  and  disturbance  estimation.  Insight  into 
deviations  in  the  output  caused  by  equilibrium  point  matching 
errors  can  be  gained. 

Consider  the  control  law  Eq.  (3.95)  written  as  follows: 

u = C^x  + C|^b(t)  (3.104) 


where  is  designed  using  linear  optimal  control  synthesis 

without  regard  for  the  integral  control  structures.  The  (pxl) 
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vector,  b,  and  the  (mxp)  feedback  matrix,  , will  be 
derived  below. 

In  steady-state,  substituting  Eq,  (3.104)  into  Eqs . (3.76)- 
(3.78),  the  following  is  obtained: 


-1 


Ygg  =-(H  + DC^)  (F  + GC^)  "[GCj^b^ +rx]  + DCj^b^  (3.105) 


= [HG  + D]C^b^  + H rw 


(3.106) 


where 


H =-(H  - DC^) (F  + GC^) 


-1 


(3.107) 


b = b(«>) 


(3.108) 


If  b and  C,  are  chosen  as  follows, 
o b 


and 


then 


bo  = Xsp  - H rw 


(HG  + D)C^^  = I 


^SS  " ^SP 


(3.109) 

(3.110) 

(3.111) 


Since  w is  not  known,  b is  not  known.  An  estimate  of 

’ o 

b can  be  derived  as  follows: 
o 


'>0  ' >'SP  ■ 


y = 0 
^ w 


Xw  = K(y^-y^) 


or. 


y^  = K[H(i  - Fx  - Gu)  - y^] 


(3.112) 

(3.113) 

(3.114) 

(3.115) 
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where 


has  the  interpretation  of  the  hang-off  due  to  the 


constant  disturbance  which  would  occur  if  there  was  no  integral 
control . Since  the  estimator  is  essentially  predicting  a con- 
stant value  from  transient  information,  Eq . (3.113)  is  justified, 

Equation  (3.115)  is  a reduced  order  estimator  and  implemen- 
tation without  differentiation  is  discussed  in  Chapter  IV.  The 
requirements  for  stability  are  that  the  matrix  K be  chosen  as 
positive  definite,  in  which  case, 


^w  ^ ^w 

y = 0 
^ w 

bo  - Ysp  - H r w 


(3.116) 

(3.117) 

(3.118) 


An  equivalent  form  of  Eq.  (3.115)  can  be  calculated  by 


V = (Hx 

* Di'  - yjp) 

(3.119) 

u = C^x 

* Cbfy^-  Kv) 

(3.120) 

C = C 

X X 

+ C.  KH 

(3.121) 

An  examination  of  the  closed-loop  dynamics  of  the  follow- 
ing system  shows  that  the  (n+p)  roots  are  the  roots  of  the 
(sI-F-GC^)  system  and  the  roots  of  the  estimator  (sI-K).  Thus, 
the  design  procedure  for  integral  compensation  is  truly  de- 
coupled. Initially,  a transient  regulator  is  designed,  i.e., 
is  calculated.  The  estimator  is  derived  using  Eq.  (3.120) 
and  a set  of  integral  gains,  and  K are  calculated.  The 

closed-loop  control  law  governing  the  system  is  implemented 
according  to  Eq.  (3.121).  Notice  that  the  state  feedback  term, 
C^,  has  been  modified  by  an  additional  proportional  component 
of  the  control  law.  The  modification  to  the  state  feedback 
counteracts  for  the  dynamic  interaction  of  the  integral  and 
plant  states  and  maintains  the  regulator  eigensystem  of  the 
original  form. 
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The  advantage  of  the  control  law  shown  in  Eq.  (3.121)  is 
that  it  allows  mode  switching  from  one  group  of  set  point 
quantities  to  another  without  modification  of  the  regulator 
dynamics.  In  this  case,  the  processor  implementation  must 
store  a m(n+2p)  quantities  for  each  possible  set  point 
vector.  In  some  applications,  e.g.,  autopilot  modes,  this 
does  not  represent  a problem. 

An  additional  consideration  in  the  design  utilizing  this 
method  is  that  the  character  of  the  disturbance  must  be  known. 

It  was  shown  that  even  in  the  presence  of  uncertainty  in  the 
parameters,  r,  G,  and  F,  that  the  system  will  reach  the 
desired  set  point.  In  some  nonlinear  physical  systems,  the 
largest  "disturbance"  to  the  equilibrium  is  the  non-equilibrium 
"force"  due  to  set  point  mis  - specif ication  within  the  control 
itself.  Such  disturbances  are  dependent  on  the  system  control 
law.  An  alternative  formulation  is  presented  beiow. 

3.5.3  Spectral  Decoupling  Techniques 

The  procedure  of  fully  augmented  linear  quadratic  regu- 
lator design  does  not  allow  direct  control  over  the  eigensystem 
of  the  (n+p);^!  order  closed-loop  system.  In  the  disturbance 
estimation  method,  the  eigenvalues  of  the  nth  order  and  pth 
order  system  can  be  determined  independently  and  the  resulting 
eigensystem  is  determined  exactly.  The  classical  single-loop 
compensation  procedure  discussed  above  utilizes  a frequency 
decoupling  approach  using  only  the  closed-loop  d.c.  gain  and 
cross-over  frequency  to  determine  the  lag  or  integral  compen- 
sation gain.  A procedure  using  this  philosophy  along  with 
multivariable  techniques  is  described  below. 

Consider  the  control  law  form  given  in  Eq.  (3.103)  and 
again  below  with  designed  from  transient  criteria  using 

linear  optimal  regulator  synthesis: 

u = C^x  + C^b  (3.122) 
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If, 

6 = [Ysp  - (ysP^m^  (3.123) 

and  the  system  is  stable,  then  the  steady-state  is, 

^SP  " ^^SP^m  (3.124) 

and  the  control  criteria  is  satisfied.  Along  with  Eq.  (3.124), 
the  transient  criteria  used  to  design  aj?ove  should  not  be 

violated  by  the  augmented  system.  However,  the  precise  loca- 
tion of  the  eigensystem  given  by  the  unaugmented  design  does 
not  necessarily  have  to  remain  unchanged.  It  is  desired  that 
the  integral  trim  dynamics  be  spectrally  decoupled  from  the 
transient  dynamics.  The  last  specification  is  critical  to 
realizing  the  simplicity  of  the  procedure  and  is  philosopically 
identical  to  the  assumptions  used  to  design  lag  compensation 
in  classical  synthesis. 

If  it  is  assumed  that  the  states  are  in  equilibrium  in 
the  time  frame  of  integral  action,  the  following  relation  is 
nearly  true, 

i 0 (3.125) 

and  it  follows  that 

ygg  = [-(H  - DC^)(F  + GC^)'^G  + D]C^b^  (3.1260 

= H*C,b  (3.127) 

b o 

where  the  disturbances  have  not  been  included  since  their 
magnitude  and  structure  is  assumed  unknown. 
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follows : 


The  deviation  of  the  set  point  can  be  written  as 


8y  ■ Yss  - Vsp 

" H*Cjj(b  - bgp) 

where 

" ^SP 


(3.128) 

(3.129) 

(3.130) 


The  dynamics  of  the  integral  system,  from  Eq.  (3.123),  is 
as  follows: 


6 = 6y 

■ H'^bb 

and  in  steady- state , 
^)  = 0 

and 

^SP  " ^SS 


(3.131) 

(3.132) 

(3.133) 

(3.134) 


The  procedure  described  above  is  identical  to  the  dis- 
turbance estimation  at  this  point  and  a reduced  order  observer 
could  be  designed  for  6y  as  described  in  Section  3.5.2.  The 
corresponding  integral  gain  matrix  and  an  augmented  pro- 
portional gain  matrix,  could  be  calculated  in  order  to 

maintain  unchanged  transient  root  locations.  This  procedure 
results  in  a complex  implementation  if  many  set  point  vectors, 
6y,  are  possible  for  a given  system. 

Considering  the  dynamics  in  Eqs.  (3.73)  and  (3.131)  (with 
D = 0) , the  closed  characteristic  equation  is  as  follows: 
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A(s)  = det 


-H 


si  J 


= 0 


(3.135) 


where  Fp,  = F + GC  is  the  system  matrix  with  only  the  transi- 

CIj  X 

ent  gains.  Expanding  Eq.  (3.135),  the  characteristic  equation 
can  be  factored  as  follows: 

det(slj^  - EF(,j^)  det(slp  - H(FE)'^GC^j)  = 0 (3.136) 


where 


and 


E = I + I 


I = F'^G  C^H 


(3.137) 

(3.138) 


Considering  a consistent  matrix  norm  for  S, 


|Z| I < |1/X 


CL  . I 
min 


(3.139) 


|E||  < ll/X^L  I I^INT  I 

min  max 


(3.140) 


is  the  smallest  transient  eigenvalue  of  F, 


where  vo. 

^min 

and  is  the  largest  eigenvalue  of  the  system 

max 


b = (HF'^GCj^)b  . 


(3.141) 


If 


I |Z|  I « 1 


(3.142) 


then 


E ^ I 


(3.143) 
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and  the  roots  of  the  transient  and  integral  system  are  spec- 
trally decoupled.  In  this  case,  Eq,  (3,136)  has  the  convenient 
form 

det(slj^  - F^^)  det(slp  - HF'^GCjj)  = 0 (3.144) 

The  design  process  under  assumption  (3.142)  can  be  separated 
into  two  portions:  transient  design  using  the  unaugmented 
system,  (3,73),  and  the  integral  design  using  Eq.  (3.131).  It 
must  be  recalled  that  the  exact  root  locations  of  the  full 
system  given  in  Eq . (3.135)  will  be  altered  from  the  locations 
in  the  separate  designs.  However,  if  eigenvalues  in  the  inte- 
gral system  are  chosen  slower  than  the  transient  system,  dynam- 
ic decoupling  will  be  approximately  maintained. 

The  integral  control  design  uses  a system  of  the  follow- 
ing form: 


6 = H*u  (3.145) 

where  H*  is  given  in  Eq.  (3.130),  It  is  possible  to  use 
regulator  synthesis  directly  on  Eq.  (3.145)  with  the  cost 
functional , 


J 


(b^Ab  + u^Bu)dt 


(3.146) 


The  characteristic  equation  of  the  Euler-Lagrange  system  is 
as  follows: 


det 


sl 

A 


sl 


0 


(3.147) 
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or 


det(s^I  - = 0 

which  can  be  factored  as  follows: 


(3.148) 


det(sl  - P)  det(sl  + P)  = 0 

where  P is  a positive  definite  matrix  of  rank  q and 

q = max[rank(A),  rank (H*B' ^H*^) ] 

Normally,  A will  be  chosen  as  positive  definite,  and  m=p. 

In  this  case,  if 

rank(H*B'^H*^)  = m, 

then  the  eigenvalues  of  the  closed-loop  system  are  the  negative 

square  roots  of  the  eigenvalues  of  the  positive  definite  (mxm) 

- 1 T 

matrix,  H*B  H*  A.  Typically,  A and  B can  be  chosen  to 
produce  acceptable  integral  transient  response  with  a cut-and- 
try  procedure  analogous  to  Bryson's  rule.  The  resulting  closed- 
loop  trim  roots  should  maintain  the  separation  specified  in 
Eq.  (3.140). 

Alternately,  a more  systematic  approach  for  optimal  pole 
placement  can  be  found  using  a modal  decomposition  of  Eq. 

(3.145)  assuming  a full  rank  system: 


z = Tb 


and 


u = Tu 


Au 


(3.149) 


(3.150) 
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where 

H*T  = TA  (3.151) 

The  system  in  Eq.  (3.150)  can  be  independently  designed  on  a 
mode- for-mode  basis,  as  will  be  shown  below.  The  resulting 
optimal  control  law  is  then 


u = C^z  ■ (3.152) 

where 

= diag(C, C.  ) (3.153) 

^ "1 

or 

u = C^h  (3.154) 

where 

S " T'^C^T  (3.155) 

A control  weighting  matrix  B can  be  chosen  to  reflect  the 

mix  of  control  action  desired  for  the  trim  function.  Defining, 

= B (3.156) 

the  closed- loop  squared  dynamics  matrix  of  Eq.  (3.148)  can  be 
written  in  diagonal  form: 

BT  = TA  (3.157) 

where 

A = diag (a^)  , i=l , . . . ,p. 

Using  Eq.  (3.156),  the  values  of  A can  be  chosen  to  place  the 
squared  eigenvalues  of  the  system  at  a desired  location  (e.g., 
from  a transient  response  criteria)  keeping  the  assumption  in 
Eq.  (3.140)  true.  Then,  given  A and  B,  the  procedures  of 
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optimal  regulator  synthesis  can  be  used  to  calculate  the  trim 
gain  matrix  . 

A useful  result  can  be  derived  for  the  case  of  a multi- 
input, single  output  or  output  modal  coordinate  system.  Let 

b = gu  (3.158) 

where  b is  a scalar  and  g is  Ixm.  If  the  control  weights, 
B^,  are  chosen  to  determine  the  mix  of  control  authority  used 
to  trim  the  error  term,  b,  and  the  trim  root  is  chosen  to  lie 
at 


S “ — Arji 


then 


= s 


Ej/bi 


and 


S = X.j.[gJ/b.  + 


(3.159) 


(3.160) 


(3.161) 


Techniques  have  been  described  to  design  controllers  for 
spectrally  decoupled  systems  defined  as  integrations  of  out- 
puts shown  in  Eq.  (3.145).  The  procedure  stresses  the  decoupled 
assumptions  important  to  satisfactory  closed-loop  behavior  and 
use  linear  quadratic  regulator  theory  as  the  foundation  of  the 
multivariable  designs. 

Phenomena  such  as  set  point  switching,  control  saturation 
and  unsaturation  lead  to  slight  modifications  of  the  above  pro- 
cedures. Also,  simplification  of  the  gains  for  practical 
application  must  be  considered.  These  topics  will  be  discussed 
in  detail  in  Chapter  IV. 
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3.6  SYSTEM  PARAMETER  INSENSITIVITY 


3.6.1  Important  Considerations 

A controller  is  implemented  on  a physical  system  for  two 
reasons.  First,  steady-state  requirements,  namely  operator 
inputs  and  environmental  disturbances,  must  be  interpreted  as 
actuator  commands  to  bring  the  operating  point  of  the  system 
to  a satisfactory  location  so  that  the  expected  system  outputs 
result.  Secondly,  the  transitions  caused  by  inputs  and  dis- 
turbances must  be  dynamically  accommodated  in  a well-behaved 
manner.  Modification  of  the  system  dynamics  by  the  control 
law  is  required  only  for  the  second  task.  The  first  can  be 
accomplished  with  open-loop  trajectories  and  slow  integral  trim 
action.  The  sensitivity  of  the  system  to  dynamic  parameter 
variations  is  intimately  tied  to  the  amount  of  dynamic  inter- 
action necessary  to  produce  the  desired  response. 

For  example,  if  a closed-loop  controller  is  designed  for 
a simple  first  order  system  and  the  required  closed-loop 
time  constant  is  , then  the  control  is  given  as  follows: 


plant : 

X = -ax  + gu 

(3.162) 

control : 

u = Cx 

(3.163) 

closed- loop : 

X = -(1/t^)x 

(3.164) 

gain: 

c = 1/g  (l/tj,  - a) 

(3.165) 

Clearly,  if  a = +1  and  t^=100,  then  only  a small 
variation  in  g results  in  significant  variation  of  the 
closed- loop  dynamics;  however,  if  t^=1,  then  there  is  no 
effect  of  variation  of  the  parameter,  g.  Philosophically, 
systems  are  less  sensitive  to  parameter  uncertainties  when 
the  closed-loop  and  open-loop  root  locations  are  fairly  close. 
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This  is  not  always  possible  or  desirable.  In  these  cases,  it 
is  advantageous  to  include  parameter  sensitivities  directly  in 
the  synthesis  procedure  to  account  for  these  effects. 

3.6.2  Modal  Sensitivities 


Many  procedures  exist  for  evaluating  parameter  sensitivity 
of  regulator  designs.  Several  will  be  discussed  below  ranging 
from  simple  verification  procedures  to  complex  computer  algo- 
rithmic exercises.  The  amount  of  modification  of  the  dynamics 
required  by  an  individual  system  is  a measure  of  the  sophistica- 
tion of  the  technique  required. 

The  sensitivity  of  the  closed-loop  root  locations  to  model 
parameters  is  directly  calculated  from  the  modal  decomposition 
of  the  closed-loop  system  (see  Appendix  A): 


^CL 

F + GC 

(3.166) 

^ ^CL 

(3.167) 

30 

™-l  .j, 

30 

(3.168) 

where  0 is  a parameter  in  the  F or  G matrix. 


aA 


CL 


ae 


diag 


i = l ,n 


(3.169) 


and  are  the  closed-loop  root  locations.  It  is  quite 

straightforward  to  evaluate  the  effect  (to  first  order)  of 
system  parameter  variations  on  the  closed-loop  roots. 

The  sensitivity  to  plant  parameter  variations  is  defined 
as  follows: 


S 


1 

0 


ax^ 

307^ 


(3.170) 


93 


In  general,  typical  values  of  uncertainty  can  be  attached 
to  the  knowledge  of  the  system  parameters  and  the  eigenvalue 
shifts  can  be  evaluated.  If  large  scale  shifts  are  found  to 
cause  system  response  which  fails  to  meet  the  transient  criter- 
ia, the  controller  should  be  redesigned  using  more  control 
weight  or  a modified  state  weighting  matrix.  Other  techniques 
are  available  to  produce  insensitive  controllers  directly  from 
the  regulator  design  with  cumbersome  iterations.  The  computa- 
tion overhead  required  by  these  procedures  is  justified  only  if 
significant  plant  parameter  variation  is  expected. 

3.6.3  Techniques  for  Insensitive  Controls 

There  are  several  formal  procedures  for  incorporating 
the  uncertainty  or  variability  of  plant  parameters  into  the 
control  synthesis  procedure  and  structure.  A short  discussion 
of  these  techniques  is  presented  below. 

Explicit  Parameterization  [ 54 ] 

If  parameters  are  variable  or  uncertain,  they  may  be  in- 
cluded as  additional  states  with  dynamics  corresponding  to  the 
approximate  correlation  function  of  the  parameter  uncertainty. 
The  nonlinear  plant  dynamics  are  as  follows: 

X = f(x,  u,  0)  (3.171) 

For  linearizations  of  states,  controls,  and  parameters, 
the  perturbation  form  is  as  follows: 

6x  = F6x  + G6u  + Fgbe  (3.172) 

where 

F_  = af/ae  (3.173) 

y 
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The  dynamics  of  the  parameter  equations  are 


60  = A6e  + rw  (3.174) 

where  w is  an  assumed  zero  mean  white  noise  and  A is  the 
dynamics  of  the  time  correlation  of  the  69  viewed  as  an 
equivalent  stochastic  process. 

The  dynamic  eouations  in  (3.172)  and  (3.174)  form  a state 
variable  system  in  which  the  parameter  uncertainty  can  be  ex- 
plicitly included.  The  regulator  synthesis  procedure  can  be 
carried  out  with  the  resulting  control  law: 

6u  = C^6x  + C_60  (3.175) 

X u 

Since  the  parameter  variations  are  not  measured,  they  must  be 
reconstructed  from  a suitable  estimator. 


Minimax  and  Multiplant  Techniques  [ 55 ] 

It  is  assumed  that  for  various  regions  of  the  system  oper- 
ating envelope,  a single  linear  model  adequately  approximates 
the  dynamic  response.  The  variation  of  the  response  at  oper- 
ating points  throughout  this  region  can  be  viewed  as  parameter 
variations  in  the  particular  design  model.  There  are  two 
approaches  to  the  design  of  a constant  state  feedback  control 
for  the  entire  linearization  region.  The  minimax  procedure 
minimizes  the  worst  performance,  and  multiplant  maximizes  the 
average  performance. 


In  the  minimax  formulation,  the  constant  gain  regulator 
is  chosen  to  solve  the  following  associated  optimization 
problem: 


J(t,0) 


1 

I 


[x^(t,0)A  x(t,0)  +u^(t,0)B  u(t,0)]  dt 

(3.176) 
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(3.177) 


J*  = max  min  J(t,0) 

060  C 

X 

given  that  the  control  law  is  written  as  follows: 

6u  = C 6x  (3.178) 

where  the  system  matrices  are  considered  functions  of  external 
parameters,  or 

6x  = F(0)  6x(t)  + G(0)  6u(t)  (3.179) 

and 

0 6 {maximum  range  of  parameter  variation)  (3.180) 

The  computation  requirements  to  perform  the  optimization 
can  be  significant  for  a relatively  small  number  of  states  and 
parameters . 

In  the  multiplant  technique  [55],  a group  of  possible 
linear  models  for  a particular  design  region  are  used  simul- 
taneously. These  would  correspond  to  various  linearization 
points  within  a linearization  region.  The  optimal  control 
synthesis  problem  is  to  minimize  the  average  cost  associated 
with  controlling  each  of  the  systems  with  a constant  feedback 
gain.  This  can  be  written  as  follows: 

M^:  6x  = F(0^)8x  + G(0^)8u  i=l,N  (3.181) 


1 


N 


J = ^ S J. 
N i = i 1 


J. 

1 


(8x^  A8x  + 8u^B  8u)  dt 


(3.182) 


(3.183) 
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J*  = min  J 

(3.184) 

C 

X 

8u  = C 6x 

X 

(3.185) 

The  optimization  is  carried  out  numerically  but  for 
reasonably  similar  plant  dynamics  using  a "close"  starting 
Doint  (e.g,,  an  optimal  regulator  solution  for  one  model),  the 
convergence  is  rapid. 

This  method  can  be  used  to  evaluate  the  linearization 
region.  Suppose  a linearization  region  is  expanded  to  include 
another  operating  point.  The  optimal  cost  function  for  the 
multiplant  system  can  be  calculated  for  an  arbitrary  initial 
condition.  If  the  minimum  cost  increases  significantly  with 
the  inclusion  of  the  extra  operating  point,  it  is  due  to  the 
differing  dynamic  character  of  the  linear  model  at  the  new 
operating  condition  compared  to  the  average  behavior  at  the 
other  operating  points.  This  criterion  can  be  used  to  quanti- 
tatively determine  appropriate  regions  of  linearization  where 
a single,  average,  linear  model  is  suitable  for  design.  This 
situation  is  shown  in  Figure  3.4. 

There  are  several  other  techniques  available  to  handle 
the  parameter  sensitivity  problem  (see  Appendix  A).  In  general, 
these  techniques  approximate  the  uncertainty  in  the  system 
with  an  augmentation  or  modification  of  the  optimization  prob- 
lem which  produces  a slightly  different  control  law  structure. 
The  success  of  each  method  is  markedly  problem-dependent. 

3.7  SIMPLIFICATION  OF  CONTROL  LAWS 

The  state  feedback  matrices  resulting  from  linear  quadrat- 
ic regulator  designs  contain  nxm  elements.  The  value  of  the 
performance  index  for  a control  law  with  fewer  elements  will 
always  be  larger  than  the  minimum  for  full  state  feedback. 

Often,  the  increased  cost  associated  with  a smaller  number  of 
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POINTS  IN  DESIGN 


Figure  3.4  Illustration  of  Multiplant  Technique  in 
Determining  Linearization  Region 
Appropriate  for  a Single  Design 


gain  elements  produces  a great  savings  in  processor  require- 
ments, The  savings  in  processor  overhead  obtained  from  gain 
matrix  simplification  can  allow  the  freedom  to  utilize  more 
sophisticated  models  which  could  not  be  ordinarily  implemented 
in  an  unsimplified  version.  Various  techniques  for  matrix 
reduction  are  discussed  below  which  yield  a slightly  subopti- 
mal,  but  minimally  complex,  implementation. 
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3.7.1  Sensitivity  Calculations 


The  simplest  procedure  for  gain  matrix  simplification  is 
to  use  the  sensitivity  of  the  closed-loop  eigensystem  to  changes 
in  feedback  gains.  The  closed-loop  eigenvalues  of  the  system 
are  given  by: 

det[sl  - F - GC^]  = 0 (3.186) 

and  reducing  the  closed-loop  dynamics  matrix  to  modal  coordin- 
ates, sensitivity  functions  are  calculated  as  follows: 


and 


F T 
CL 


= TA 


dA  _ -r-1  T. 

aCi-  - ac,. 


(3.187) 

(3.188) 


where  the  derivative, 
derivative  of  the  diagonal 
as  follows: 


/aC^j , is  easily  calculated.  The 
eigenvalue  matrix  can  be  written 


^ = diag(3X^/3Cj.) 


k = 1 , . . . ,n 


(3.189) 


The  approximate  change  in  the  closed-loop  roots  due  to  the 
elimination  of  a gain  element,  is  found  as  follows: 


= OXj^/aC..)  C..  (3.190) 

The  shift  of  the  eigenvalue  for  the  element  of  the  gain 
matrix,  C..,  relative  to  the  total  shift  caused  by  the 

’ ij  ’ 

feedback  is  given  as  follows: 


|AXkl/|>^k  ■ 


(3.191) 
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where  is  the  closed-loop  eigenvalue,  and  Xj^(OL)  is  the 

corresponding  open-loop  root  location. 

For  a given  gain  matrix,  it  is  possible  to  quickly  calcu- 
late  the  n xm  sensitivity  values.  A cumulative  sensitivity 
can  be  calculated  as  the  averaged  effect  of  each  gain  element 
on  the  overall  system  dynamic  response.  This  coefficient  is 
defined  as  follows: 

~ 1 k 

^ii  n ^ S r (3.192) 

" k=l  ^ij 


Using  the  nxm  values  of  , the  elements  of  the  gain 

matrix  can  be  ranked  according  to  the  net  effect  on  the  closed- 
loop  system.  A group  of  gains  can  typically  be  found  which  do 
not  affect  the  closed-loop  response.  These  gains  can  be  elim- 
inated from  the  system  and  the  eigensystem  will  be  only  mini- 
mally affected. 

The  second  factor  determining  the  optimality  of  the 
response  is  the  mode  shapes  associated  with  each  eigenvalue. 

In  general,  for  reasonably  separated  eigenvalues,  if  a gain  has 
a small  effect  on  the  system  time  constant,  then  it  will  have 
a correspondingly  small  effect  on  the  mode.  The  time  response 
of  the  system  with  these  gains  eliminated  will  be  nearly  the 
same  as  the  full  state  response.  If  this  is  the  case,  then 
the  increase  in  the  cost  function  will  be  small  and  the  system 
will  only  be  "slightly"  suboptimal. 

An  alternative  approach  to  the  problem  is  to  calculate 
the  sensitivity  of  the  optimal  cost  function  exactly.  This 
procedure  is  somewhat  more  time  consuming.  The  optimal  cost 
function  corresponding  to  an  initial  condition  is  given  below: 

X = (F  + GC^)x  x(0)  = x^  (3.193) 
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J = tr 


(3.194) 


/ /(t)  (A  + BC^)  cp(t)  dt  • 

L o 

where 

(3.195) 

o o o 

and 

(p(t)  = exp  [ (F  + GC^)  t]  (3.196) 

There  are  several  techniques  for  simplifying  the  expression  in 
Eq.  (3.194). 

The  change  in  the  cost  due  to  the  elimination  of  a par- 
ticular gain  element  can  be  directly  calculated  from  the  expres- 
sion. This  procedure  eliminates  the  approximation  due  to  the 
small  perturbation  assumption  required  in  the  linear  sensitivity 
analysis.  It  also  works  well  when  the  closed-loop  eigenvalues 
are  close  together. 

3.7.2  Fixed  Structure  Optimization  [56] 

Either  of  the  two  procedures  described  in  Section  3.7.1 
yield  a gain  matrix  with  several  elements  set  to  zero.  This 
Leedback  structure  yields  less  than  optimal  performance  with 
respect  to  the  given  performance  index.  This  degraded  per- 
formance is  reflected  as  an  increase  in  the  cost  function  for 
a set  of  initial  conditions.  However,  the  fixed  structure 
controller  also  is  not  optimal.  A secondary  optimization 
procedure  can  be  performed  to  find  the  elements  of  the  fixed 
structure  gain  matrix  which  minimize  the  given  cost  function 
(see  Appendix  A) . 

3.8  DISCRETE  OPTIMAL  CONTROL  PROBLEM 

In  the  previous  discussion,  the  continuous  time  solutions 
to  the  linear  problem  have  been  stressed.  This  was  primarily 
for  economy  of  notation.  The  discrete  solution  to  the  optimal 
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control  problem  is  functionally  identical  to  the  continuous 
forms.  As  the  sample  interval  becomes  shorter,  it  will  be 
shown  that  the  behavior  of  the  optimal  discrete  feedback  system 
becomes  identical  to  the  continuous  design  [49]. 

3.8.1  Discrete  Time  Problem 


The  continuous  time  design  model  is  as  follows: 


X = Fx  + Gu  (3.197) 

y = Hx  + Du  (3.198) 

The  solution  to  Eqs.  (3.197)  and  (3.198)  can  be  written  as 
follows: 


x(t) 


cp(t)x(0) 


t 

<p(t- 


0 


Gu(t)  dt 


(3.199) 


y = Hx  + Gu  (3.200) 

where 

(p(t)  = exp(Ft)  (3.201) 

If  the  time  function,  u(t),  is  sufficiently  smooth,  the  time 
interval  [0,NT]  can  be  broken  down  to  equal  intervals  as 
follows : 

[0,t]  = [0,  T,  2T,  ...,  nT NT]  (3.202) 

where  the  control  is  approximately  constant  or 

u(t)  = u(nT)  nT  < t < (n+l)T  (3.203) 
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and  Eqs.  (3.198)  and  (3.199)  can  be  rewritten  in  the  obvious 
manner , 


where 


or 


x(n+l)  = x(n)  + ru(n) 
y(n)  = Hx(n)  + Du(n) 

x(n+l)  = x[(n+l)T],  etc. 
cp  = exp  (FT) 


d T G 


(3.204) 

(3.205) 

(3.206) 

(3.207) 

(3.208) 

(3.209) 


or,  substituting  Eq . (3.208)  into  Eq . (3.209)  yields  the  expan- 
sion: 

r = Z ^ (3.210) 

j = l J- 

The  variables,  x(n),  represent  the  state  at  the  discrete 
time  instants  when  Eq . (3.203)  is  satisfied.  Also,  T can 
be  made  small  enough  that  for  any  n and  e, 

I XgCnT)  - x^(n) 1 < e 

where  x^  is  the  actual  state  vector  at  t = nT  and  x^(n) 
is  the  state  from  Eq.  (3.204). 

The  cost  functional  which  was  used  to  weight  states  and 
controls  in  the  continuous  problem  is  given  below: 
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J 


[x'^(t)  Ax(t)+u’^(t)  Buft)]  dt 


C3.211) 


o 


Substituting  Eqs.  (3.204)  in  Eq.  (3.209),  the  following  holds: 


where 


and 


N 

J = i £^[x^(i)  ApX(i)  + u^(i)BpU(i) ] 


Ar^  = I cp‘  (t)  A9(t)  dt 
o 


(3.212) 


(3.213) 


Bp  = TB  + G' 


r ^ 

/ 9 (4i)d5^ 

A 

J 

0 

J 

_0 

dtG  (3.214) 


The  discrete  optimal  control  problem  given  by  Eqs.  (3.204)  and 
(3.212)  can  be  solved  using  dynamic  programming  [47]  and  the 
solution  is  given  below  for  the  steady-state  regulator: 


u(n)  = CpX(n)  (3.215) 

Cp  = (B  + r'^Sp  )'^  r'^Sp<I.  (3.216) 


where  Sp  is  found  as  the  steady- state  solution  to  the  follow- 
ing backward  difference  equation: 


S(n)  = cp^S(n+l)(p-cp^S(n+l)r[B+r^S(n+l)r]'^r^S(n+l)(p+A 


S(«>)  = 0 


(3.217) 


The  form  of  the  solution,  Eq.  (3.215),  can  be  interpreted 
as  state  feedback  where  a constant  feedback  gain  matrix  is 
calculated  in  Eqs.  (3.216)  and  (3.217). 
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It  will  be  shown  that  for  decreasing  sampling  interval, 

Cq  - C (3.218) 

where  C is  the  steady-state  optimal  regulator  solution 
derived  in  Section  3.2;  some  guidelines  will  be  given  for 
evaluating  this  equivalence. 

Considering  the  Taylor  series  expansion  for  the  state 
transition  matrix  9 and  defining  i | * 1 | as  any  consistent 
matrix  norm,  the  following  relations  hold: 


00 

(p(T)  = S 1 (3.219) 

i = l J • 

and 

00 

I |9(T)  - I - FT|  I = I I S i F^T^ I I (3.220) 

j = 2 J- 


< L ^ |F|  P (3.221) 

3 = 2 J- 


< exp(|  |F|  |T)  - 1 - I |F|  |T  (3.  222) 


where  Eq . (3.222)  represents  a bound  on  the  norm  of  the  matrix 
error  taking  two  terms  in  the  expansion  for  <I>.  There  are  some 
matrix  norms  where 


l|F||T  < (3.223) 

and  utilizing  Eq.  (3.223),  the  norm  of  the  approximation  error 
can  be  written  as  follows: 

Icp  - (I  + FT)  I < |e“  - 1 - a I (3.  224) 


a 


A. 


max 


(F)  |T 


(3.225) 


where 


In  most  control  applications  where  a continuous  approxima- 
tion is  used,  the  largest  allowable  value  of  a is  taken  as 
0.10  and 


e“  - 1 - a = 0.5% 


(3. 226) 


Under  these  conditions, 
cpCT)  ^ I + FT 


(3. 227) 


Utilizing  the  same  conditions  for  the  expansion,  i.e.,  keeping 
only  terms  up  to  FT,  the  following  approximate  formulas  are 
evident : 


r = GT 


(3.228) 


A 


D 


AT 


(3.229) 


Bj)  BT 


(3. 230) 


J = y £ [x'^Ax  + u^Bu]  (3.231) 

^ i = l 

Substituting  the  relations  in  the  optimal  control  solution 
yields , 


Cd  - b-1g\ 


(3.232) 


Sp(n)  - Sn(n+1) 


D' 


= Sp(n+1)F  + F^Sp(n+l)  + A 


- Sp(n+l)GB'^G'^Sp(n+l) 


(3.233) 
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In  steady- state , the  term  on  the  left  hand  side  of  Eq. 
(3.233)  is  zero  and  the  solution  to  the  algebraic  equation, 

0 . f\  * S„F  * a - Sj,0B-1g\  (3.234) 

is  identical  to  the  steady-state  solution  of  the  Riccati 
equation  in  the  continuous  time  problem,  thus, 

Sp  = S (3.235) 

Cp  = C (3.236) 

where  the  S and  C matrices  result  from  the  continuous  time 
solution . 

The  implication  of  the  above  results  is  important  from  a 
design  point  of  view.  If  the  processor  capability  exists  to 
sample  relatively  quickly  with  regard  to  the  time  constants  of 
the  system  as  measured  by  the  eigenvalues  in  Eq . (3.224),  and 
if  the  closed-loop  dynamics  in  the  regulator  do  not  violate 
Eq . (3.203),  then  the  design  can  be  carried  out  in  the  continu- 
ous domain  and  implemented  directly  in  a discrete  time  form. 

This  fact  often  allows  the  designer  to  work  in  the  familiar 
frequency  domain  or  S-plane  using  classical  design  evaluation 
techniques  and  measures  (e.g.,  bandwidth  and  damping  ratio). 
After  a suitable  design  is  developed,  the  state  feedback  gains 
can  be  directly  implemented  in  the  sampled  drta  system. 

The  certainty  equivalence  principle  used  in  separating 
controller  and  estimator  designs  is  still  valid  for  the  dis- 
crete case.  It  is  possible  to  utilize  continuous  design 
procedures  for  the  regulator  and  implement  the  same  feedback 
gains  using  a discrete  estimator  (if  the  time  constant  assump- 
tions remain  valid) . The  discrete  filter  design  also  formulates 
the  solution  as  a difference  equation  directly  implementable 
on  the  control  processors  (see  Chapter  IV) . 
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3 . 9 SUMMARY 


The  design  techniques  for  quadratic  regulator  synthesis 
have  been  presented  which  produce  multivariable  control  laws 
for  linear  systems.  The  basic  theoretical  background  has  been 
summarized  for  regulator  and  follower  forms  which  result  in 
proportional  state  feedback  systems.  The  choice  of  performance 
index  has  been  presented  for  state  weighting  and  for  special 
cases  of  actuator  modeling  and  output  variable  augmentation. 
Various  methods  for  integral  control  design  have  been  developed 
which  can  be  implemented  in  a computationally  feasible  manner. 
Plant  parameter  sensitivity  is  discussed  and  procedures  to 
synthesize  minimally  sensitive  controls  are  reviewed.  Finally, 
the  equivalence  of  the  discrete  and  continuous  time  formulations 
are  presented  and  conditions  allowing  the  implementation  of 
continuous  gains  derived.  These  linear  techniques  are  utilized 
in  the  design  of  the  multivariable  controller  for  the  FlOO 
engine.  Chapter  IV  presents  the  development  of  a locally 
linear  control  synthesis  procedure  for  nonlinear  systems  within 
which  the  techniques  of  this  chapter  are  applicable. 
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CHAPTER  IV 


DESIGN  METHODOLOGY  FOR  A MULTIVARIABLE  CONTROLLER 


4.1  OVERVIEW 

The  development  of  a multivariable  control  law  for  non- 
linear systems  requires  many  techniques  in  modeling  and  design. 
Locally  linear  control  synthesis-si.s  presented  below  which  uses 
linear  quadratic  regulator  techniques  to  produce  control  laws 
for  the  complete  operating  envelope  of  a nonlinear  system. 

The  synthesis  procedure  requires  linear  dynamical  equa- 
tions. Various  techniques  are  presented  to  develop  perturba- 
tional  design  models  which  icontain  an  appropriate  dynamic 
description  of  the  behavior  within  a linear  region.  Extension 
of  the  locally  linear  models  to  control  throughout  the  envelope 
requires  some  form  of  adaptivity  to  ambient  conditions.  Pas- 
sive adaptivity  is  ^iscussed  in  Section  4.4.  An  operational 
requirement  is  to  control  transitions  from  one  operating  point 

•V  * 

to  another.  An  implementable  technique  for  feedforward  syn- 
thesis of  trajectories  is  presented.  Physical  constraints  on 
the  system  often  determine  the  operating  point.  These  con- 
straints depend  on  the  region  of  the  envelope.  A technique  of 
variable  structure  integral  trim  is  presented  to  accommodate 
the  set  point  requirement. 

Exact  knowledge  of  the  system  states  has  been  assumed  in 
Chapter  III.  Several  procedures  for  compensating  sensor 
signals  to  more  accurately  represent  the  actual  state  are 
presented . 
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Together,  these  procedures  integrate  locally  linear  regu- 
lator designs  into  a control  capable  of  functioning  continu- 
ously throughout  the  operating  envelope  while  satisfactorily 
operating  the  system  to  accommodate  physical  constraints. 

4.2  DETERMINISTIC  NONLINEAR  CONTROL 

Optimal  control  synthesis  procedures  for  nonlinear  systems 
can  be  formulated  theoretically.  Practical  application  of  the 
result  is  usually  not  feasible  because  of  physical  limitations 
of  the  control  processor.  However,  the  structure  and  philosophy 
can  be  adapted  from  the  general  theory.  The  procedure  for 
locally  linearized  control  design  results  from  this  simplifi- 
cation. 

The  design  process  involves  the  utilization  of  a mathe- 
matical description  of  the  behavior  formulated  as  a series 
of  dynamical  equations.  For  turbine  engines,  equations  from 
thermodynamics  are  available  to  describe  the  energy  and  mass 
flow  along  the  gas  path.  The  model  in  general  can  be  described 
as  follows: 

X = f[x(t),  u(t),  0(t)]  (4.1) 

where  x(t)  represents  the  dynamical  variables,  u(t)  repre- 
sents the  controls,  and  0(t)  represents  ambient  parameters. 
Relationships  of  nondynamic  variables  can  be  represented  as 
nonlinear,  static  equations  as  follows: 

y(t)  = h[x(t),  u(t),  0(t)]  (4.2) 

The  nonlinear  equations  (4.1)  and  (4.2)  produce  state  and  out- 
put time  histories,  x(t),  y(t),  for  given  control  and  ambient 

inputs,  u(t),  0(t),  t > t^,  and  initial  state,  XQ  = x(t^), 
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which  approximate  empirically  observed  results.  Simulations 
solving  Eqs.  (4.1)  and  (4.2)  for  turbine  engines  typically 
require  orders  of  magnitude  more  processor  capability  than  is 
available  from  typical  minicomputer  systems.  In  addition,  even 
large-scale  digital  or  hybrid  simulations  produce  results  which 
do  not  exactly  match  observed  behavior. 

The  general  optimization  problem  minimizes  a terminal 
error  and  a path  integral  as  follows: 


J 


(p[x(t^)  ,U(t£)  ] 


f 

L[x(t)  ,u(t)  ,e(t)  ]dt 


(4.3) 


where  the  penalties  cp  and  L represent  design  criteria  such 
as  minimum  response  time  or  acceptable  limit  accommodation. 

The  final  time,  t^,  is  somewhat  arbitrary.  The  minimization 
of  Eq.  (4.3)  can  actually  be  performed  utilizing  several  off- 
line algorithms  [29,57].  A set  of  open-loop  optimal  trajectories 
u(t),  x(t)  given  0(t)  and  x(t^)  is  obtained.  Storage 
requirements  for  a reasonable  set  of  such  trajectories  is 
large.  An  alternative  solution  approximates  trajectories  gen- 
erated from  simplified  models.  The  reduction  in  complexity  in 
this  case  is  striking.  This  procedure  is  described  in  Section 
4,5, 

Given  an  approximate  set  of  open-loop  trajectories  which 
produce  acceptable  behavior,  a perturbational  controller  can 

r 

be  designed  to  keep  the  system  near  the  nominal  trajectory. 

The  perturbational  variables  are  described  below: 


6x  = x(t)  - Xj^(t)  (4.4) 

6y  = y(t)  - yj^(t)  (4.5) 

6u  = u(t)  - Uj^(t)  (4.6) 

The  structure  of  the  general  controller  is  shown  in  Figure  4.1. 


Ill 


Figure  4.1  FlOO  Turbofan  Multivariable  Control  Structure 


Utilizing  perturbational  quantities  in  Eqs.  (4.4)-(4.6) 
and  assuming  that  the  actual  and  nominal  trajectories  satisfy 
the  same  set  of  equations,  e.g.,  (4.1)  and  (4.2),  then 


6x  = f [x(t)  ,u(t)  ,e(t)  ] - f[x^(t),UQ(t),e(t)]  (4.7) 

6y  = h [x(t) ,u(t) ,e(t) ] - h[Xp(t) ,UQ(t) ,e(t) ] (4.8) 

Using  a Taylor  series  expansion  of  Eqs.  (4.7)  and  (4.8),  the 
following  linear  equations  result; 

6i  = F(t)6x  + G(t)6u +^(6^)  (4.9) 

6y  = H(t)6x  + D(t)6u (6^)  (4.10) 
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where 


F(t) 

G(t) 


af[x(t),UQCt),0(t)] 


af[x(t),u^(t),  (t)] 


Xo(t) 

u^,(t) 


(4.11) 


etc. 

and  8x  is  an  nxl  vector  of  states,  6u  is  an  mxl  vector 
of  controls,  6y  is  a pxl  output  vector  with  F,  G,  H,  and 
D representing  the  compatibly  dimensioned  constant  dynamics 
matrix,  control  distribution  matrix,  and  output  distribution 
matrices,  respectively.  Clearly,  ignoring  second-order  pertur- 
bational  quantities  results  in  linear  equations.  However, 
the  linear  dynamics  are  affected  by  the  nominal  trajectory 
chosen.  Since  this  trajectory  is  fixed  by  the  initial  condi- 
tions, the  dynamics  can  be  considered  as  simple  time-varying 
functions . 

It  is  also  possible  to  justify  the  utilization  of  a quad- 
ratic cost  functional  using  Eqs . (4.7)  and  (4.10).  For  these 
equations  to  be  valid,  the  perturbational  quantities  to  second- 
order  must  be  kept  small  during  the  transient  motion  [58]  . 

A quadratic  cost  functional  of  the  type  discussed  in  Chapter  III 
naturally  arises.  The  primary  rationale,  however,  for  quadratic 
performance  indices  is  the  static  state  feedback  structure  ob- 
tained in  the  optimization. 

The  controllers  which  optimize  quadratic  performance 
indices  using  the  perturbational  dynamics  of  Eqs.  (4.9)  and 
(4.10)  are  still  highly  complex  and,  in  general,  utilize  time- 
varying  gains  parameterized  by  the  initial  state  and  dependent 
on  the  trajectory. 

If  it  is  assumed  that  the  dynamics  matrices  are  constant 
within  a region  of  the  state  space,  then  the  equations  in  (4.9) 
and  (4.10)  are  constant  and  independent  of  initial  conditions. 
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Utilizing  this  assumption,  Eqs.  (4.9)  and  (4.10)  reduce  to 
linear,  constant  coefficient,  differential  equations  and  con- 
stant state  feedback  gain  procedures  presented  in  Chapter  III 
are  applicable.  The  problem  of  continuous  implementation  of 
the  controller  in  the  operating  environment  remains  and  will  be 
discussed  below.  Although  this  procedure  is  not  strictly  opti- 
mal in  any  sense,  it  is  an  extremely  useful  technique  in  the 
formulation  of  suitable  control  designs  for  multivariable 
nonlinear  systems. 

4.3  ENGINE  MODELING  FOR  CONTROL 

As  was  shown  above,  a complete  mathematical  description 
of  turbine  engine  behavior  is  exceedingly  complex  and  highly 
nonlinear.  The  synthesis  procedure  is  dependent  on  the  selec- 
tion of  a set  of  tractable  design  models  which  may  be  used  to 
formulate  a control  law  for  application  throughout  the  operat- 
ing envelope.  Linear  equations  are  one  class  of  such  design 
models  and,  as  will  be  shown,  can  be  effectively  integrated 
to  provide  a nonlinear  control  function. 

The  plant  can  be  modeled  conceptually  as  a nonlinear 
time  invariant  dynamical  system  utilizing  fundamental  aero- 
thermodynamic  principles  as  follows  (see  Section  4.2); 

X = f (x,u,0)  (4. 12a) 

y = h(x,u,0)  (4.12b) 

where  states,  x,  controls,  u,  outputs,  y,  and  parametric 
variables,  0,  as  well  as  the  detailed  nonlinear  dynamics, 
f (•,*,*)  and  h(*,*,*)  are  chosen  by  the  designer  to  most 
expediently  achieve  his  purpose.  For  engine  development, 
detailed  digital  simulations  including  thorough  component  maps 
and  experimentally  correlated  gas  path  equations  are  utilized 


114 


as  in  the  FIDO  engine  transient  simulation  deck  [59,1]  shown 
in  Figure  4.2.  These  programs  are  too  complex  for  control 
synthesis,  but  are  useful  in  evaluating  a candidate  design. 


The  central  element,  therefore,  in  designing  an  implement- 
able  controller  is  a systematic  method  for  integrating  the 
completeness  of  simulation  technology  with  established  theo- 
retical and  practically  validated  multivariable  design  tech- 
niques. One  multivariable  design  approach  utilizes  optimal 
quadratic  regulator  theory,  but  requires  a procedure  to  generate 
linear  models  for  the  design  process,  and  further  to  incorporate 
the  models  into  a continuous  nonlinear  control  law.  Such  a 
control  synthesis  procedure  subdivides  the  operating  envelope 
into  multiple  regions,  for  example,  intervals  of  power  level, 
altitude,  and  Mach  number.  Within  each  region,  the  engine 
dynamical  behavior  is  described  by  a single  set  of  linear, 
constant  coefficient  differential  equations.  Linear  control 


Figure  4.2  Schematic  Flow  Diagram  of  FlOO  Nonlinear 

Digital  Simulation 
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design  techniques  are  then  applied  to  each  region  of  the 
envelope.  The  resulting  set  of  control  laws  must  be  suitably 
linked  to  form  an  implementation  providing  continuous  envelope- 
wide control. 

Linear  models  are  generated  in  many  ways,  e.g.,  numeri- 
cally from  nonlinear  simulation,  or  directly  from  engine  data. 

A common  method  utilizes  a nonlinear  hybrid  or  digital  engine 
sim.ulation.  The  various  dynamic  variables  and  controls  are 
perturbed  and  state  rates  calculated.  This  procedure  is  compu- 
tationally efficient;  but,  often,  linearized  behavior  is 
dependent  on  perturbation  size  [1].  Alternately,  the  time 
response  to  engine  inputs  can  be  used  with  various  systems 
identification  procedures  [37,60,61,62]  to  develop  models 
which  accurately  represent  engine  behavior  over  a rather  large 
range.  These  procedures  tend  to  be  computationally  demanding 
and  require  extensive  experience  in  their  application.  These 
linear  models  are  valid  in  the  neighborhood  of  an  equilibrium 
point  (x^,u^,0^),  and  describe  perturbation  motion,  6x,  6u, 

away  from  equilibrium.  These  models  are  represented  as  shown 
in  Eqs . (4 . 9) - (4 . 11)  . 

Often,  linear  models  generated  numerically  do  not  contain 
the  most  convenient  parameterization  of  the  dynamics  and, 
indeed,  contain  far  too  complex  a description  to  be  practically 
utilized  for  design.  For  example,  Figure  4.3  shows  the  states, 
outputs,  and  controls  contained  in  linear  FlOO  engine  models. 
The  inclusion  of  actuator  and  sensor  dynamics  would  result  in 
a still  higher  order  system.  While  such  a system  is  useful 
in  simulating  the  intrinsic  behavior  of  the  engine  (e.g., 
internal  pressure  and  temperature  behavior),  the  generally 
approximate  nature  of  the  parameters  limits  its  application 
to  control  design. 

Some  method  is  required  to  analyze  the  dynamic  models 
and  establish  simpler  systems  which  include  only  elements 
important  to  the  desired  control  function.  Without  such 
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STATES 

Figure  4.3  States,  Outputs,  and  Controls  Modeled  in  FlOO  Linear 
Equations  Generated  from  Nonlinear  Digital 
Simulation  Program 


simplification,  application  of  design  procedures  can  result  in 
highly  complex  and  parameter  sensitive  controlled  systems. 
Utilizing  the  reduced  order  models,  regulator  synthesis  proced- 
ures become  physically  intuitive  and,  most  significantly,  far 
less  sensitive  to  parameter  variation. 

A modal  decomposition  provides  the  framework  for  reducing 
arbitrary  linear  models  to  design  models  containing  the 
appropriate  parameterization  for  the  control  function.  The 
procedures  are  well  known  [63,64,65]  and  their  application 
to  model  reduction  is  described  below. 

The  linear  equations  (4. 9) -(4. 11)  can  be  transformed  to 
block  diagonal  form  assuming  the  nxn  dynamics  matrix,  F, 
has  no  repeated  eigenvalues  (as  is  the  characteristic  of  the 
FlOO  engine  model): 
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6x  = Tz 


(4.13) 


z = Az  + H6u  (4.14) 

y = HTz  + D6u  (4.15) 

where  A is  an  nxn  block  diagonal  matrix,  T is  an  nxn 
matrix  composed  of  the  column  eigenvectors  of  F,  z is  an 
nxl  modal  coordinate  vector,  and  S is  the  nxm  modal  control 
distribution  matrix.  Also, 

FT  = TA  (4.16) 


The  system  of  Eqs . (4 . 13) - (4 . 15)  can  be  partitioned  into 
a set  of  q states  and  q eigenvalues  (time  constants)  and 
n-q  states  and  eigenvalues  as  follows: 


-exj- 

II 

■ T ' T 1 

11  ; 12 

1 

'h' 

6X2 

"^21  ; ”^22 

^2 

(4.17a) 


(4.17b) 


where  6Xj^  and  Zj^  are  qxl  vectors  partitioning  the  states 
and  modes  and  6x2  and  are  (n-q)xl  vectors  partitioning 

the  remaining  states  and  modes. 

Various  guidelines  for  making  an  appropriate  partition 
will  be  discussed  below.  If  the  following  equilibrium  relation- 
ship is  approximately  true  (within  the  time  frame  of  control 
interest)  , 
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0 


(4.18) 


^2  ^ 

then  the  following  reduction  can  be  made: 


6x^  = + G^6u 


(4.19) 


where  6x^  is  now  the  qxl  state  vector,  is  the  qxq 
dynamics  matrix,  and  is  the  qxm  control  distribution 
matrix.  Also, 


and 


y = [H., : H.] 


fBx, 


6x, 


+ Du 


-6X2' 

‘H*  ■ 

- p*  - 

. ^y . 

-Hr- 

6Xj^  + 

-Hr- 

(4.20) 


(4.21) 


where  6X2  is  treated  as  an  additional  (n-q)xl  output  vector 
with  a (n-q)xq  state  distribution  matrix  H*  and  a (n-q)xm 
control  distribution  matrix  D*.  The  original  output  distri- 
bution matrices,  H and  D,  are  modified  to  H and  D , 
respectively.  The  formulas  for  these  matrices  are  shown  below 
in  terms  of  the  partitioned  modal  decomposition: 


F 


r 


G 


r 


H* 


T 

T 

T 


11^1  ^11 

11  ^^1^11^1 2^2^^2 
21^11 


D* 


(4.22) 

(4.23) 

(4.24) 

(4.25) 
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(4.26) 


D = D + H.D* 
r L 


(4.27) 


Thus,  by  assuming  (n-q)  modes  are  equilibriated , the 
nth  order  system  (4.9)  is  reduced  to  the  qth  order  system 
(4.19)  with  q states  and  p+n-q  outputs.  It  should  be  noted 
also  that  the  q retained  states,  , are  chosen  by  the 

designer  and  possess  the  same  physical  identification  in  Eqs . 
(4.9)  and  (4.19)  if  Eq . (4.18)  is  approximately  valid. 

The  modal  decomposition  allows  the  intrinsic  structure 
of  the  system  (4.9)  to  be  exploited  in  the  choice  of  the  q 
retained  modes  and  states.  Initially,  nominal  values  of  states 
and  controls  are  chosen  by  the  designer  to  scale  the  dimension- 
al variables  of  Eq.  (4.9)  to  obtain  a nondimensional  correspond- 
ence. This  is  a subjective  choice  but  it  allows  meaningful 
comparison  of  dimensional  quantities. 

The  solution  to  Eq.  (4.19)  is: 


6x^  (t) 


n 

Z 

k=l 


6x(0) 


+ Z (6u,t)  (4.28) 

(k  = l H ^ 

T 

where  the  qxl  column  and  row  eigenvectors,  u^^  and  Vj^  of 
the  reduced  system  are  as  follows 


^r“k  " ^k\  (4.29) 

and  the  modal  impulse  responses  can  be  calculated  as  follows: 

4>j^(t)  = exp(X,j^t)  (4.31) 
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(4.32) 


V’^(6u,t)  = j (p^(t-t)  6u(t)  dt 
o 

and  the  modal  control  distribution  matrix  is  partitioned  by 
rows , 


(4.33) 


or,  more  compactly, 

6x^(t)  = |R^cpj^(t)6x(0)  + ^j^(8u,t) 

where  Rj^  is  the  qxq  matrix  of  residues  of  initial  condi- 
tions at  and  is  the  qxm  matrix  of  impulse  response 

residues  at  For  clarity  of  notation,  it  has  been  assumed 

that  all  eigenvalues  are  real.  The  extension  to  the  block 
diagonal  formulation  is  slight  and  does  not  alter  the  logic 
[52]. 

The  partitioning  of  the  system  is  dependent  upon  the  con- 
trol designer's  estimate  of  the  frequency  range  of  the  control 
function.  For  example,  the  FlOO  controller  was  designed  to 
primarily  modulate  thrust  in  transient  and  steady  state  opera- 
tion. The  response  frequency  range  extends  from  0 rad/sec  to 
around  10  rad/sec,  which  is  the  bandwidth  of  the  primary  (fuel 
flow)  actuator.  The  frequency  range  would  be  significantly 
different  if,  for  example,  the  controller  was  designed  to 
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(4.34) 


transiently  modulate  compressor  stability  margin  with  a high 
bandwidth  variable  area  turbine  actuator.  In  the  FlOO  engine 
linear  models,  the  properties  of  spectral  separation  can  be 
applied.  From  £q.  (4.34),  if  6u(t)  contains  primarily  the 

desired  frequency  components  (for  the  FlOO,  0-10  rad/sec), 
then  the  following  conditions  may  hold  during  the  majority  of 
the  transient  for  the  (n-q)  modes  chosen  in  the  reduction; 
either. 


or 


9j^(t)  ^ 0 

^j^(6u,t)  1 


if 


t » 1/Xj^ 


9i^(t)  ^ 1 

.:/’,^(6u,t)  ^ 0 


if 


t « 1/Xj^ 


(4.35) 


(4.36) 


with  the  initial  condition  modified  in  the  latter  case  to 
account  for  the  high  frequency  control  effects. 

The  implication  is  that  all  eigenvalues  significantly 
outside  the  bandwidth  of  interest  are  in  equilibrium  during 
the  motion.  Also,  if  for  a Cj^  is  approximately  zero, 

then  the  mode  associated  with  is  uncontrollable  and  should 

be  eliminated  from  the  design  model  regardless  of  the  time 
constant . 

The  most  powerful  property  of  the  modal  decomposition  is 
evident  in  Eq.  (4.17).  If  a group  of  states  can  be  identified 
with  a null  projection  into  the  subspace  spanned  by  a set  of 
modal  coordinates  (i.e.,  a partition  with  Tj^2  ^ 0),  then  those 
modes  can  be  eliminated  without  affecting  the  dynamic  behavior 
of  the  states.  This  situation  occurs  when  a state  is  nearly 
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parallel  to  a single  modal  direction.  If  the  outputs  of 
interest  are  not  affected  by  the  particular  state,  the  state 
and  associated  dynamics  can  be  removed  from  the  design  model 
without  affecting  behavior  important  to  the  control  synthesis 
Figure  4.4  shows  the  normalized  eigenvectors  associated  with 
two  eigenvalues  for  the  FlOO  engine  lying  in  the  bandwidth 
of  control.  These  modes  are  associated  with  temperature  lag 
states  at  the  turbine  inlets.  Examination  of  the  thrust  out- 
put equation  shows  that  these  states  have  a relatively  small 


Figure  4.4  Normalized  Eigenvector  Components  for  Two  Roots 
Lying  in  the  Bandwidth  of  Control  at  Sea  Level  Static, 
Intermediate  Power  Condition  for  the  FlOO  Turbofan  Engine 
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contribution.  Thus,  for  control  design  purposes,  the  two 
states  and  the  associated  modes  can  be  eliminated. 

There  is  one  situation  which  causes  the  modal  decomposi- 
tion procedure  to  fail.  In  this  case,  a small  coupling  exists 
between  two  modes  which  have  nearly  equal  time  constants.  This 
coupling  causes  the  root  locations  tc  merge  and  become  a highly 
damped  complex  pair.  The  modal  decomposition  procedure  cannot 
eliminate  one  root  of  a complex  pair.  Thus,  if  the  procedure 
is  used,  the  complex  root  must  be  either  eliminated  or  re- 
tained. In  some  situations,  this  may  be  troublesome  to  the 
designer.  For  example,  in  the  FIDO  engine,  the  mode  associated 
with  the  high  compressor  rotor  and  a turbine  inlet  temperature 
lag  coalesce  at  some  flight  conditions  to  form  a highly  damped 
complex  pair.  It  is  impossible  to  use  the  modal  decomposition 
procedure  to  eliminate  the  temperature  root  in  this  model. 

Another  problem  arises  in  such  a situation.  It  is 
difficult  to  identify  the  states  which  are  primarily  associated 
with  the  weakly  coupled  mode.  Physical  intuition  into  the 
nature  of  the  dynamics  may  be  helpful  but  a mathematical 
device  is  considerably  better  for  eliminating  ambiguity. 

This  is  illustrated  by  the  following  analysis.  Consider 
a primary  linear  system  consisting  of  various  dynamic  modes  and 
states  as  shown  in  Figure  4.5,  which  for  convenience  is  repre- 
sented in  modal  coordinates.  An  external  mode  exists  with  a 
small  coupling  term,  e , as  shown  in  the  figure.  The  state 
equations  can  be  partitioned  as  follows: 

'^1  ' 

^n-1 


z 


n-1 


n 


2^T 

E t . 
1 


E^t 


’n-1 

’n 

z 


Gl 


0 


6u  (4.37) 
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Figure  4.5  Schematic  Representation  of  Lightly  Coupled  Roots 
Within  the  Structure  of  a High  Order  Linear  System  - For 
Nearly  Any  Non-Zero  e,  the  System  Roots  Corresponding 
to  the  Two  Lags  Will  be  a Complex  Pair 

All  the  roots  of  the  primary  system  have  values  different  from 
-a,  except  possibly  As  e becomes  small,  the  roots 

approach  the  eigenvalues  of  the  primary  system  with  the  addi- 
tional root  at  s = -a.  If  = -a,  the  roots  still  approach 
the  uncoupled  system  for  small  e.  However,  for  any  finite  e, 
there  is  a root  at 

s = -a(l  + je»/h^)  (4.38) 

Even  for  vanishingly  small  positive  coupling,  the  eigenvalue  is 
complex.  It  should  be  stressed  that  the  dynamic  response  of 
the  system  does  not  markedly  change  as  e reaches  zero,  even 
though  the  mathematical  expression  relating  the  response  has  a 
different  functional  form. 

Examination  of  the  eigenvector  associated  with  the  complex^ 
mode  shows  how  to  identify  the  lightly  coupled  states.  In 
terms  of  the  primary  system  modal  coordinates,  the  eigenvectors 
for  this  root  can  be  written  as  follows: 
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u 


0 

1 + Oj 

0 + eay'TTTT  j 
— n n ■' 


(4.39a) 


and  in  terms  of  the  original  state  coordinates  as  follows: 


Ui  + Oj 

u + Oj 
n — •’ 

0 + Ea/h„t„  j 
— n n 


(4.39b) 


where  are  real  numbers.  From  Eq.  (4.39),  it  is 

clear  that  the  state  and  modal  coordinate  associated  with  the 
lightly  coupled  behavior  will  be  90°  out  of  phase  relative  to 
the  remaining  states  of  the  system.  An  example  of  this  tech- 
nique is  presented  in  the  16_^-order  system  describing  FlOO 
engine  behavior  in  Figure  4.6. 

Once  the  lightly  coupled  roots  are  detected  in  the  struc- 
ture of  the  dynamics  matrix,  the  dynamic  coupling  can  be 
eliminated.  In  this  case,  the  complex  pair  decomposes  into 
two  real  roots  associated  with  the  primary  state  variables. 

This  static  equilibration  is  equivalent  to  the  assumption  in 
Eq.  (4.37)  that 

z = 0 (4.40) 

Elementary  matrix  manipulation  can  be  used  [66,67]  to  obtain 
the  reduced  form.  An  example  in  Table  4.1  shows  that  the 
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EIGENVALUE 

X.  = - 0.fi7  * .22J 

(sec'*) 

= 0.70  (sec'*)  j 

HIGHLY 

DAMPED 

? = 0.95  ) 

ROOT 

1 1 1 

0 

0.25  0.5  0.75 

NORMALIZEO  MAGNITUDE 

I.O 

Figure  4.6  Example  o£  Normalized  Eigenvector  Corresponding  to 
a Lightly  Coupled  System  in  the  16^-Order  Linear  Models  of 
the  FIDO  engine  at  Sea  Level  Static,  Idle  Power  Conditions  - 
The  Lightly  Coupled  State,  Appears  90°  Out-of- 

Phase  of  Remaining  State  Components 


reduction  does  not  change  the  system  eigenvalues  except  to 
replace  the  complex  pair  with  a single  root. 

A number  of  techniques  have  been  presented  for  choosing 
(n-q)  modes  which  can  be  eliminated  along  with  a group  of 
states.  The  choice  of  the  retained  q states  is  somewhat 
arbitrary  depending  on  convenient  measurables  as  well  as 
dependence  of  the  important  output  quantities.  The  modal 
decomposition  can  be  used  to  assure  that  the  chosen  q states 
strongly  span  the  controlled  subspace  invertible  and 
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Table  4.1 


Elimination  of  Lightly  Coupled  Complex  Pair  by  Performing 
Static  Reduction  on  TT4L0 
(20/0/0  HPX) 


EIGENVALUE 

EIGENVECTOR 

ROOT  BEEORE  STATIC  REDUCTION 

MAGNITUDE  (SEC"*) 

ANGLE  (DEG) 

STATES 

(-6.66340-001)+ j(  2.17310-001) 

.8696 

-14.61 

N1 

(0=0.  701 

.2194 

.73 

N2 

.1353 

-11.92 

PT7H 

C = 0.951 

1.0000 

.00 

PT3 

.4991 

-2.16 

PT45 

.1278 

-6.64 

TT25H 

.1331 

-5.77 

.2725 

-1.44 

llCrflTlV 
COUPLED  MODE 

.3087 

-179.15 

► .8226 

93.80 

.3548 

-179.08 

TT4 

.4414 

-176.00 

TT45HI 

.5674 

177.58 

TT45L0 

.5378 

-176.58 

TT5 

-5.86 

TT6C 

.1932 

163.61 

TT7M 

ROOT  AFTER  STATIC  REDUCTION 
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well  conditioned.  With  this  partition  and  associated  reduc- 
tion, the  resulting  system  (4.20)  will  represent  a control- 
lable design  model. 

The  behavior  of  an  FlOO  design  model  vis-a-vis  the  16th- 
order  linear  system  and  nonlinear  simulation  is  shown  in  Figure 
4.7.  In  general,  the  design  models  match  the  16^-order  models 
closer  than  the  16^-order  models  match  simulated,  nonlinear 
engine  response.  The  discrepancy  between  linear  and  nonlinear 
simulated  responses  for  moderate  sized  transient  behavior  is 
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Figure  4.7  Comparison  of  Small  Perturbation  Response  of  the 
FlOO  Turbofan  Engine  at  Sea  Level  Static,  Take-off  Power 
Simulated  by  the  Full  Nonlinear  Digital  Deck,  the  16th-0rder 
Linearized  Model  and  the  Reduced  Order  Design  Linear  Model 
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further  justification  of  the  conservative  approach  to  the 
regulator  synthesis  utilized  in  the  design.  The  reduction  was 
performed  on  the  linear  equations  in  each  region  of  the  oper- 
ating envelope  to  provide  a set  of  design  models  used  in  the 
regulator  synthesis. 

4.4  GAIN  SCHEDULING  AND  ADAPTIVITY 

The  nonlinear  system  behavior  is  described  by  a group  of 
linear  dynamical  equations.  Each  set  of  equations  adequately 
models  the  important  dynamics  in  a region  of  the  operating 
envelope.  The  operating  envelope  comprises  intervals  of 
independent  environmental  parameters  for  which  the  system  can 
operate  in  steady-state  without  violating  physical  constraints. 
Since  the  envelope  is  partitioned  into  linearization  regions, 
each  region  will  border  on  other  regions  and  the  envelope 
boundaries.  The  controller  must  function  throughout  the 
envelope  continuously. 

A state  feedback  regulator  is  designed  to  operate  satis- 
factorily within  a particular  linearization  region.  The 
requirements  for  satisfactory  operation  are  often  dependent 
upon  the  characteristics  of  a particular  region.  A control 
"problem"  in  one  region  may  not  be  a problem  in  a neighboring 
region  because  of  the  different  dynamic  character  of  the  system. 
Control  designs  for  each  linearization  will  exhibit  different 
behavior  due  to  both  plant  response  and  requirements  uniquely 
associated  with  the  operating  point. 

Adaptivity  of  the  system  is  defined  as  the  change  in 
structure  or  behavior  of  the  controlled  response  reflecting 
change  in  the  operating  environment.  Passive  adaptivity 
utilizes  sensed  ambient  parameters  to  structure  the  controller 
according  to  precalculated  strategies  or  schedules.  Gain 
scheduling  allows  the  control  laws  designed  for  each  region 
of  the  envelope  to  be  linked  in  a continuous  implementation 
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parameterized  by  the  independent  environmental  variables.  The 
alternative  to  passive  gain  scheduling  is  an  on-line  algorithm 
to  optimize  a particular  performance  index  or  criterion  func- 
tion in  real  time.  Practical  utilization  of  such  systems 
requires  significant  computational  overhead  and  so  far  have 
few  successful  applications  in  actual  systems. 

Methods  of  designing  gain  scheduling  algorithms  range 
from  basic  analytical  treatments  to  a posteriori  correlation 
of  gain  elements.  Several  of  these  procedures  will  be  discus- 
sed below. 


4.4.1  Analytical  Approaches 


There  is  no  strictly  analytical  technique  to  produce 
optimal  variable  gains  for  nonlinear  systems  from  constant, 
proportional  gains  designed  from  linearized  behavior.  In 
general,  the  optimal  state  feedback  gains  are  time-  and 
trajectory-dependent,  even  for  systems  described  by  a linear 
differential  model.  However,  successful  systems  have  been 
synthesized  using  approximations  to  optimal  values. 

One  approach  is  applicable  to  systems  whose  dynamics  are 
determined  by  geometric  scaling  relationships.  If  it  is 
assumed  that  the  optimal  cost  functional  can  be  likewise 
scaled,  then  the  optimal  state  feedback  "schedule"  can  be 
derived  from  the  appropriate  scaling  factors  in  the  state  and 
control  variables. 


The  procedure  can  be  written  as  follows.  A group  of 
linear  dynamical  systems,  {F,G}^,  can  be  calculated  for  vari- 
ous operating  points  described  by  the  ambient  variable  vector. 


0. 

1 


(4.41) 


Because  of  consistent  geometric  scaling,  the  time  response 
of  the  system  may  sometimes  be  written  as  follows 
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F.  = k(0.)  S‘^(G.)F* 

S(0.) 

(4.42) 

G.  = k(0.)  S'^(0.)F* 

R(0.) 

(4.43) 

where 

S = diag{s (0^) } 

(4.44) 

R = diag{r (0^) } 

(4.45) 

and  the 

scaling  functions,  k(0 

^),  s(0j)  and  r(0^) 

have  the 

form  of 

pure  geometric  factors 

of  the  ambient  variables 

, or. 

V,  v_ 

V _ V 

/ \ ^ / \ P 

f(0i)=c(0,)  (0^) 

K)  •••(%) 

(4.46) 

This  transformation  is  equivalent  to  the  variable  scaling 
defined  below 


X = S * 

(4.47) 

u = Ru* 

(4.48) 

II 

O 

(4.49) 

The  nondimensional 

variables,  x* , 

u*,  t*  describe  the 

system  behavior  at  all 

operating  points. 

Calculation  of  the 

scaling  laws,  Eqs.  (4 . 42) - (4 . 46) , is  cumbersome  for  high  order 
dynamical  systems  and  adequate  fits  are  not  possible  for  systems 
whose  states  cannot  be  modeled  by  geometric  factors  of  the 
ambient  environmental  quantities.  Methods  of  regression  analy- 
sis can  be  utilized  to  solve  such  problems. 
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The  cost  function, 


J = (x^Ax  + u^Bu)  dt  , (4.50) 

t 

0 


can  be  written  in  terms  of  the  nondimensional  quantities,  as 


J* 


t 


/ 


f 

C(x*^SASx*  + u*'^RBRu*) 


t 


0 


dt* 


(4.51) 


If  weights  A and  B can  be  chosen  so  that  acceptable  dimen- 
sional response  at  each  flight  condition  is  maintained,  then 
the  control  law  resulting  from  the  optimal  regulator  design 
can  be  written  as  follows: 


u*  = C*  X*  (4.52a) 

or,  in  dimensional  form, 

u=  c(RC*S'^)x  (4.52b) 

The  gain  schedules  are  defined  from  Eqs.  (4.52)  as  follows: 

C(e)  = R(e)  C*  S'^(0)  . (4.53) 


This  procedure  produces  optimal  regulators  for  each 
operating  point  which  minimize  the  scaled  cost  functional. 

It  is  a generalization  of  the  technique  used  in  classical 
single-loop  design  to  vary  gains  to  maintain  a constant  time 
constant  or  damping.  It  yields  constant,  nondimensional 
weighting  of  control  effort  and  state  deviations  as  required 
by  the  minimization  of  J* . 


133 


The  drawback  of  the  method  is  that  the  control  criteria 
may  require  different  weightings  at  different  operating  points. 
In  this  case,  it  would  not  be  possible  to  choose  a single  group 
of  state  and  control  weightings  for  the  nondimensional  system. 
An  alternative  which  involves  fitting  gains  after  the  local 
designs  have  been  made  is  presented  below. 

4.4.2  Direct  Gain  Schedule  Development 

The  result  of  the  linear  quadratic  regulator  design  is 
a group  of  state  feedback  matrices.  There  is  one  matrix 
associated  with  each  region  of  the  flight  envelope  and  each 
matrix  reflects  the  important  dynamic  couplings  and  signifi- 
cant control  criteria  for  that  region. 

A sensitivity  analysis  of  each  gain  matrix  will  eliminate 
those  elements  which  produce  an  insignificant  effect  on  the 
closed-loop  eigensystem.  Reduction  of  the  gain  matrix  pro- 
duces control  laws  that  tend  not  to  exhibit  numerical  problems 
due  to  machine  precision  because  values  which  are  "small"  have 
been  set  to  zero. 

Since  the  gain  matrices  and  the  flight  conditions  are 
given,  the  problem  of  gain  scheduling  reduces  to  curve  fitting. 
Two  procedures  are  useful:  optimal  subset  regression  and 
splines  [60,21].  The  problem  is  stated  as  follows.  For  each 
non- zero  element  of  the  gain  matrix,  C,  a value  is  given 
corresponding  to  the  optimal  regulator  design  at  a point, 

(x  ,u  ,0  ).  The  gain  value  should  be  represented  as  a func- 
tion of  the  operating  point  as  follows: 

C = f(x  ,u  ,0  ) (4.54) 

^ o’  o’  O"^ 

If  a polynomial  in  various  powers  of  (x^,u^,0^)  is  chosen 
as  the  functional  form  of  f,  and 

Pi  e (x^,u^,0^)  (4.55) 
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then 


C = S a-t.  (4.56) 

j=l  J J 

where  has  the  form  of  a product  of  the  elements  to 

arbitrary  power.  The  task  of  finding  the  set  of  coefficients 
in  Eq.  (4.56)  to  match  a given  set  of  gain  elements  is  effi- 
ciently accomplished  using  subset  regression  techniques. 

For  a given  value  of  Q,  and  choice  of  coefficients,  the 
set  of  values  of  a^  which  minimize  the  fit  error 


I [C(k)  - C(k)]2  (4.57) 

k=l 


is  given  as  follows 


a = (h'^  H)'^  h'^C  (4.58) 


where 


a = [aj,  ...,  a^] 


t^(l)  ...  tpd) 


t^(N)  tQ(N)j 


= [C(l),  ...,  C(N)] 


(4.59) 


(4.60) 


(4.61) 


However,  there  are  typically  a large  number  of  possible  elements 
t j , and  it  is  desired  that  the  best  set  of  model  terms  be 
included.  The  best  set  usually  contains  the  smallest  number 
of  terms  which  would  produce  an  adequate  fit  according  to  some 
criteria  [60]. 
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Two  approaches  to  the  problem  of  choosing  the  "best"  and 
smallest  subset  of  coefficients  from  a given  group  are  step- 
wise and  global  regression.  In  stepwise  regression,  one  term 
is  added  to  the  model  and  the  reduction  of  the  steady-s.ate 
error  calculated.  Correlations  are  used  to  determine  which 
parameter  is  chosen.  The  resulting  model  may  not  be  the  one 
which  yields  the  minimum  error  for  that  number  of  terms.  How- 
ever, the  procedure  is  computationally  efficient.  An  alternate 
method  calculates  every  function  possible  from  a group  of 
variables.  A procedure  for  searching  the  coefficient  elements 
is  available  which  is  nearly  as  efficient  as  stepwise  regres- 
sion and  produces  the  globally  optimal  curve  fit. 

A second  technique  is  more  appropriate  for  a small  number 
of  linearization  points  used  to  span  the  operating  envelope. 
Polynomial  curves  have  poor  extrapolation  properties.  Lineari- 
zation points  lie  in  the  center  of  regions  and  gains  must  be 
extrapolated  to  the  envelope  boundary.  It  is  possible  that 
gross  errors  in  estimated  gain  values  will  arise  as  shown  in 
Figure  4.8.  This  effect  can  be  minimized  by  assigning  ficti- 
tious values  of  gain  corresponding  to  maximum  or  minimum  values 
at  the  boundaries  of  the  envelope.  This  results  in  a general 
degradation  of  the  curve  fit  throughout  the  envelope. 

The  feedback  gains  should  ideally  be  constant  within  a 
particular  operating  region.  This  can  be  partially  realized 
by  the  limiting  function  for  exterior  regions  as  shown  in  Fig- 
ure 4.9.  At  interior  points,  linear  spline  interpolation 
curves  can  be  used  to  approximate  the  gain  function.  These 
produce  easily  implemented  schedules. 

A least  squares  procedure  can  be  used  to  calculate  linear 
spline  or  interpolation  schedules  from  data  in  an  efficient 
manner.  Figure  4.10  illustrates  the  problem  for  the  univariate 
function  case.  The  procedure  can  be  formulated  as  a constrained 
least  squares  problem  as  follows: 
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♦ AMBIENT  VARIABLE  ► 

Figure  4.8  Problems  Caused  by  Extrapolation  of  Polynomial 
Gain  Schedule  for  a Small  Number  of  Design  Points 
Include  Sign  Reversal  and  Overly  Large  Magnitude 


Figure  4.9  Linear  Spline  Interpolation  of  a Gain  Scheduled 
Throughout  a Bivariate  Envelope  Linking  Design  Points  Within  Each 
Region  and  Providing  Well  Behaved  Extrapolation  Properties 
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y 


Figure  4.10  Univariate  Schedule  of  Data  Using 
Four  Break  Points 


= AG  (4.62) 

where  y.  is  the  data  to  be  fit,  9 is  the  interpolation 
parameter  vector  of  the  fits,  namely 


0 


(4.63) 


and  A is  the  matrix  of  data  for  each  region  of  the  schedule. 
Equation  (4.62)  can  be  written; 
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’‘q.l 
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* 

(4.64) 
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where 

X^_l  < Xi  < Xj  i=l N , (4.65) 

where  X^  is  the  schedule  break  point  and  is  the  ith 

data  point  variable. 

In  the  procedure,  the  error  of  the  fit 

e = (y  - A0)^(y  - A0)  (4.66) 


is  minimized  under  the  constraint  that  the  schedule  line  seg- 
ments be  continuous  at  the  break  points,  namely. 


Yi  = a.X.,^  . b, 


“ a.^iX.^T  + b.^, 

j+1  j+1  .1+1 


j = 1,.  . . ,M 


(4.67) 

(4.68) 


where  M is  the  number  of  break  points  in  the  table.  The 
problem  can  be  extended  to  minimization  of  the  error  for  a 
variable  set  of  break  points  which  can  be  formally  written: 


J*(M)  = min  [e ] i = 1 M (4.69) 

(Xjl 

where  {X^}  contains  a given  number  of  break  points.  If  the 
optimal  fit  function,  J*(j),  for  each  number  of  break  points 
is  plotted  versus  the  number  j , it  is  possible  to  choose  the 
minimum  number  of  break  points  needed  to  produce  a given  level 
of  accuracy.  This  is  shown  in  Figure  4.11. 

The  extension  to  multivariate  curves  is  straightforward. 

For  the  bivariate  case,  the  equations  are  given  below: 
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£ 

AVERAGE 

ERROR 


Figure  4.11  Average  Error  in  Filtering  Data  for 
Increasing  Number  of  Break  Points 


Schedule  Model 


yi  = ^jk^i 


b Z. 
jk  1 


+ c 


jk 


i = l , . . . ,N 
3=1,  ...  ,M 
k=l, . . . ,K 

Xj  < X < X 

z,  < z < z 
k 


3+1 

k+1 


Constraints 

®j+l,k^j  ^j+l,k^k+l  ^j  + l,k 
,k+l^j+l  ,k+l^k ,k+l 
®j  + l,k+l^j  ^ +1  ,k+l^k  ^ +1  ,k+l 


C4.70) 


(4.71) 


for  M break  points  along  x and  K break  points  along  z. 

One  advantage  of  this  technique  is  that  extrapolation  to 
the  envelope  boundary  is  well  behaved.  Gains  which  are  nearly 
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constant  can  be  easily  implemented  as  a constant  value. 

There  are  excellent  interpolation  algorithms  in  existence 
for  real  time  computers  which  are  designed  for  operation  in  a 
typical  fixed  point  arithmetic  environment.  Appendix  J shows 
an  example  of  this  procedure  in  developing  a typical  control 
schedule . 

4.5  TRANSITION  CONTROL 

4.5.1  Requirements 

In  the  development  of  the  optimal  nonlinear  controller  in 
Section  4.2,  it  was  shown  that  a feedforward  path  was  required 
in  the  perturbation  regulator  solution.  Choice  of  the  trajec- 
tory can  be  based  on  a priori  simulation  to  optimize  a criterion 
function  appropriate  to  the  response.  Storage  of  the  required 
trajectories  remains  as  the  most  serious  drawback  of  this  pro- 
cedure. The  development  of  the  optimal  follower  solution  in 
Chapter  III  showed  that  a trajectory  satisfying  the  linear 
design  model  equations  used  a regulator  control  law  without 
a time-varying  bias  term.  It  is  possible  to  utilize  the 
linear  perturbational  design  models  to  approximate  trajectories 
which  satisfy  the  linear  and  nonlinear  equations  in  the 
neighborhood  of  an  equilibrium.  The  advantage  of  this  pro- 
cedure is  evident  when  storage  requirements  for  the  feedfor- 
ward time  functions  are  evaluated. 

4.5.2  Generation  of  Transition  Models 


The  linearized  equations  about  an  equilibrium  are  valid 
if  state  and  control  deviations  are  relatively  small  compared 
to  the  magnitude  of  the  nonlinearity.  Any  linear  optimal 
controller  which  is  required  to  follow  a specified  state  and 
control  trajectory  has  a simple  regulator  structure  if  the 
trajectory  is  a solution  to  the  open-loop,  linear  dynamics. 
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The  solution  to  the  linear  perturbation  dynamics  is  an 
approximate  solution  to  the  nonlinear  system  in  the  neighbor- 
hood of  the  linearization  point. 

The  linear  perturbational  equations  are  as  follows: 

8x  = F6x  + G6u  (4.72) 

6y  = H6x  + D6u  (4.73) 

An  asymptotic  solution  to  Eqs.  (4.72)  can  be  written  such 
that  the  states  and  outputs  maintain  a constant  rate.  The 
required  inputs  may  be  calculated  from  Eq.  (4.72)  using  the 
following  form: 

6u(t)  = 6u(0)  (4.74) 

where  6u(0)  is  a step  component  and  r^  is  a control  rate. 

The  problem  of  existence  of  solutions  of  this  type  can  be  put 
in  a somewhat  general  framework.  The  forced  solution  to 
Eqs.  (4.72)  and  (4.73)  is  as  follows: 


sl-F  -G  6x(s) 


D l|6u(s)J  I YpCs) 


(4.75) 


where  ^pCs)  is  the  Laplace  transform  of  the  forcing  time  func- 
tion and  6x(s)  and  6u(s)  are  the  non-homogeneous  (or 
asymptotic)  solutions  to  the  linear  differential  equations 
given  in  (4.72)  and  (4.73). 

There  are  solutions  to  Eqs.  (4.75)  when  the  number  of 
controls  equals  the  number  of  states  and  the  system  in  Eqs. 
(4.72)  and  (4.73)  is  both  controllable  and  observable.  If 
there  are  more  outputs  than  controls,  there  is  no  solution  in 
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general.  In  this  situation,  a number  of  outputs  can  be 
deleted  from  Eq . (4.73)  [51]. 

If  there  are  more  controls  than  states,  several  approaches 
can  be  taken.  Additional  output  equations  could  be  specified 
to  build  up  the  system  to  full  rank.  An  optimization  problem 
minimizing  state  and  control  deviations  subject  to  the  con- 
straint equations  in  (4.72)  and  (4.73)  can  eliminate  ambiguities 
in  the  solution. 

The  solution  to  Eq.  (4.74)  can  be  written  as  follows: 

6u(s)  = [D  + H(sl  - F)'- G]‘^Yp(s)  (4.76) 

A stable  solution  to  the  control  time  history  exists  when  the 
roots  of  Eq.  (4.76)  lie  in  the  left  half  complex  plane.  The 
transfer  function  matrix  of  output  to  controls  must  be  minimum 
phase,  or,  the  numerator  roots  of  the  following  expression 
must  lie  in  the  left  half  plane  [51]: 

6y(s)  = [D + H(sl  - F)‘^G]6u(s)  (4.77) 

The  asymptotic  solutions  to  Eq.  (4.72)  have  the  form: 

6x(t)  = 6x(0)  + r^t  (4.78) 

where  6x(0)  is  the  intercept  of  the  asymptotic  solution  at 
t = 0 and  r^  is  a compatible  state  rate  for  the  asymptotic 
solution  (see  Figure  4.12). 

The  implementation  of  Eqs.  (4.74)  and  (4.78)  requires 
only  storage  of  state  and  control  rates.  During  the  transient, 
the  system  is  controlled  to  the  asymptotic  trajectory  by  the 
regulator.  The  calculation  of  the  compatible  state  and  control 
rates  is  discussed  below. 
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Figure  4.12  Asymptotic  Solution  to  Linear  System 


The  system  of  Eqs.  (4.72)  must  be  partitioned  into  an  mth 
order  and  (n-m);yi  order  system  as  shown  below  with  the  follow- 
ing restrictions: 


(1)  invertible 

(2)  F22  invertible 

(3)  F22  ■ *^2^1^12  invertible 


d 

dt 


“ - 

6Xj^ 

6x2  _ 

^11  : ^12 


^21  ; ^22 


6x, 


6x- 


r n 


6u 


6y  = 


H,] 


D6u 


(4.79) 


(4.80) 


The  m states  should  be  strongly  influenced  by  the  m control 
deflections.  This  situation  is  manifested  by  strong  conditions 
of  the  matrices  in  items  (1)  and  (3)  above.  Also,  an  analysis 
of  the  modal  controllability  can  be  used  to  select  these  states. 
Two  types  of  asymptotic  solutions  can  be  derived  as  shown 
below: 
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Type  I - Continuous  State  Asymptotic  Solution 


SXj(O)  = 0 (4.81) 

Type  II  - Continuous  Control  Asymptotic  Solution 

8u(0)  = 0 (4.82) 


Continuous  State  Asymptotic  Models  (Type  I) 


For  continuous  state  asymptotic  solutions,  shown  in  Figure 
4.13,  the  following  form  is  assumed: 


“l" 

^11  ; ^12 
j 

Uit 

+ 

1 

1 

1 

1 

-“2- 

F I F 

L *^21  1 22  J 

a 2t  + 6X2 (0) 

-"2J 

[6u(0)  + r^t] 


(4.86) 


Figure  4.13  Continuous  State  Asymptotic  Solution  to  Linear 

System 
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For  this  case,  these  relationships  hold: 


“2  ■ '““l 

(4.87) 

(4.88) 

6x2(0)  = -F’^ [M + G2G‘^]a^ 

(4.89) 

6u(0)=  G"^[I  + 

(4.90) 

M = F’^F^ 

(4.91) 

^2  " ^22  ■ ^2^1  ^12 

(4.92) 

n ■ ^21  - 

(4.93) 

The  free  design  parameter  is  a^,  and  guidelines  for  this 
choice  will  be  discussed  below. 


Continuous  Control  Asymptotic  Models  (Type  II) 

The  asymptotic  solutions  for  a continuous  control  time 
history  [6u(0)  = 0]  are  shown  below  (see  Figure  4.14): 
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(4.94) 


(4.95) 

(4.96) 

(4.97) 


Figure  4.14  Continuous  Control  Asymptotic  Solution  to 

Linear  System 


6X2 

(0)  =-F-1[F2iS-1t-  M]a^ 

(4.98) 

s = 

^11  ■ ^12^22^21 

(4.99) 

T = 

^ ^12^22^ 

(4.100) 

4.5.3  Rate  Design 

The  transition  models  developed  in  the  preceding  section 
produce  asymptotic  solutions  to  the  linear  equations  assuming 
that  the  m free  parameters,  are  specified.  The  choice 

of  design  parameter,  is  iterative.  The  output  equations 

can  be  used  to  specify  quantities  important  to  the  system  dur- 
ing transient  motion.  The  asymptotic  rates  are  designed  to 
meet  either  of  the  following  two  types  of  inequality  con- 
straints : 
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< yi 

^ ^i 

i = l,2 P 

(4.101) 

min 

max 

u. 

< u. 
— 1 

< ^i 

. • yin 

(4.102) 

min  max 


The  solution  to  the  constrained  optimization  problem  for 
linear  equations  requires  that  the  constraint  function  be  fol- 
lowed exactly  [57],  A simpler  approach  uses  combinations  of 
output  and  control  rates  to  determine  reasonable  values  for 
The  asymptotic  output  solution  is  given  below  for  the 
Type  I transient: 


y(t) 

- (P.qtjoj 

(4.103) 

p = 

(4.104) 

Q = 

+ (H2  + DG'^Fj2)M 

(4.105) 

The  Type  II  solution  follows  directly  from  the  results 
above . 

The  equations  governing  the  Type  I transient  are  collected 
below : 


Control  Rate: 

^u  " '^1  *^^11  ■ ^12^^“l 

(4.106) 

Output : 

y(0)  = Pa^ 

(4.107) 

Output  Rate: 

y = Qaj^ 

(4.108) 

One  must  choose  an  initial  set  of  m equations  from 
the  (2p+m)  equations  (4 . 106) - (4 . 108)  and  solve  for  the 
vector.  The  remaining  2p  equations  can  be  evaluated 
to  verify  that  no  limits  are  exceeded  by  the  solution.  The 
procedure  is  iterative,  but  it  is  usually  easy  to  develop 
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an  appropriate  set  of  equations  quickly  and  generate  the 
resulting  trajectory. 

The  result  is  a group  of  n+2m  quantities  for  each  lin- 
ear design  point.  The  open-loop  trajectories  for  either  a 
Type  I or  Type  II  transient  can  be  directly  generated  from 
this  small  number  of  quantities.  The  rates  and  jumps  are 
scheduled  in  the  normal  manner  throughout  the  operating  envelope 
using  ambient  variables. 

4.6  INTEGRAL  CONTROL  DESIGN  PROCEDURES 

4.6.1  Integral  Control  with  Variable  Structure 

Typically,  for  a system  with  m control  actuators,  in 
a steady-state,  m'  controls  will  be  saturated  and  (m-m') 
(subject  to  several  general  controllability  requirements)  [49] 
outputs  can  be  held  at  independent  values.  The  choice  of  output 
trim  quantities  determines  the  steady-state  performance  of  the 
system.  Modeling  errors,  measurement  bias,  and  manufacturing 
tolerances  must  be  considered  in  developing  schedules  of  the 
engine  set  point.  Often  there  are  many  possibilities  and  the 
designer  must  rely  on  physical  judgment  and  experience.  In 
the  case  of  the  engine,  a basic  output  set  point  is  chosen  to 
obtain  rated  thrust  performance  with  minimum  sensitivity  to 
extractions,  deteriorations,  and  engine-to-engine  variations 
(see  Chapter  V).  However,  at  many  flight  conditions,  engine 
limits  must  be  accommodated  (i.e.,  the  engine  must  hold  a 
particular  engine  state  or  control  above  or  below  a critical 
value).  The  limits  include  minimum/maximum  burner  pressure, 
maximum  turbine  inlet  temperature,  minimum  fuel-to-air  ratio, 
maximum/minimum  fuel  flow,  variable  geometry  flutter  bound- 
aries, and  jet  area  actuator  saturation  (see  Figure  4.15). 


149 


Figure  4.15  Operating  Envelope  Constraint  Limits  for 
the  FlOO  Turbofan  Engine 


Whenever  one  or  more  of  these  limiting  conditions  exists,  the 
structure  of  the  trim  control  must  be  changed  to  hold  the 
required  limit  and  switched  again  to  release  the  limit  when 
the  flight  or  power  conditions  allow.  The  switching  must  be 
accomplished  without  exciting  unacceptable  transient  response 
and  switching  must  occur  without  adverse  interaction  with  the 
regulator  control. 

The  engine  response  requirements  are  stated  in  terms  of 
the  transient  response  time  or  time  to  obtain,  say,  95%  of  the 
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output  and  steady  state  trim  time  or  the  time  to  bring  the 
engine  to  full  rated  performance.  The  regulator  portion  of 
the  controller  is  designed  to  satisfy  the  former  requirement 
while  the  trim  control  satisfies  the  latter.  This  separation, 
both  structurally  and  spectrally,  allows  design  of  a trim 
control  independent  of  the  transient  system,  allows  variable 
structure  switching  without  unsatisfactory  interactions,  and 
allows  a control  implementation  of  minimal  complexity. 

Given  the  design  model  and  the  linear  quadratic  regulator 
gains,  the  closed- loop  response  to  additive  inputs  may  be 
written  as  follows: 

6x  = (F + GC^)6x + G6u'  (4.109) 

where 

6u  = C^6x  + 8u'  (4.110) 

Assuming  that  the  trim  roots  are  spectrally  decoupled 
from  the  transient  roots,  the  following  is  approximately 
valid: 


6i  0 (4.111) 

This  equality  implies  the  following: 

6x  =-(F  + GC^)’^  G6u'  (4.112) 

Sy^  =[-(H  +DC^)  (F  + GC^)‘^G  + D]6u'  (4.113) 

or 

A H6u'  (4.114) 

The  mxl  set  point  vector  6y^  is  chosen  as  m measur- 
able quantities  which  must  be  held  to  their  reference  values 
in  steady-state  (controllability  is  assured  then  if  H is 
invertible . 
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The  trim  integrations  provide  the  system  dynamics,  namely, 


6 = ey^ 

The  control  law  is  designed, 

6u'  = C b 
^s 

and  the  full  controller  is  implemented 


C4. 115) 


(4.116) 


6u 


C 6x  + 

X 


C A6y 

Ts 


dt 


(4.117) 


A = diag(C^) 


j=l, . . . ,r  e^=0  or  1 


where  the  elements  of  8y  and  Cv  can  be  switched  arbi- 

^ s Xs 

trarily  (with  appropriate  choice  of  logic  elements,  C^)  while 
maintaining  a continuous  control  time  history. 


The  design  of  the  control  law,  , could  be  performed 

with  a single  application  of  the  regulator  synthesis  proced- 
ure in  Eq.  (4.115)  for  a particular  set  point  vector.  However, 
because  the  elements  (and  dimension)  of  the  vector  change 

according  to  engine  limit  conditions  and  control  saturations, 
a complete  design  for  all  combinations  of  set  point  vectors 
would  require  an  extremely  large  number  of  C matrices 


stored  in  the  processor. 


Xc 


Several  alternate  procedures  exist  to  accommodate  the 
variable  structure  requirement  and  two  will  be  briefly  describ- 
ed below  (see  Chapter  V for  a complete  discussion). 

The  various  couplings  in  the  trim  system  dynamics,  H, 
can  be  ignored  and  the  integral  control  can  be  approximately 
designed  for  each  output  quantity  individually,  or 


8x 


si 


kT  8u' 


(4.118) 
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Control  weightings  are  chosen  to  represent  the  amount  of  the 

j th  control,  8u.  , which  should  be  used  to  trim  the  output 

^ max 

error,  the  optimal  output  regulator  can  be  designed 

to  place  the  single  trim  root  at  s = -X  as  follows: 


Cv  = ’ i = l,...,r  (4.119) 

^si  hjB  -^h 


where  B = diag{ l/X^ } , j=l,...,m  and  the  mxr  implemented 

gain  matrix,  C^,  is  constructed  as  follows: 


C 


y 


y 


s2 


y 


sr 


(4.120) 


where  m-s  columns  are  chosen  in  Eq.  (4.120)  corresponding  to 
the  appropriate  set  point  and  number  of  unsaturated  controls. 

All  possible  output  set  point  quantities,  r (r  > m) , are 
included  as  columns  in  the  matrix.  Equation  (4.120)  represents 
a single  matrix  which  can  accommodate  any  subset  of  output 
errors  as  long  as  a suitable  set  of  actuators  is  available. 

The  drawback  of  such  a system  is  that  the  precise  eigenvalue 
locations  of  the  trim  system  are  only  approximately  determined 
because  of  the  neglected  cross-couplings  in  Eq.  (4.118)  and 
as  a result,  the  closed-loop  system  dynamics  change  with  dif- 
ferent set  point  vector  components.  The  problem  can  be 
minimized  if  the  weightings  are  chosen  such  that  each  control 
is  primarily  used  to  modulate  a single  output  error.  The 
eigensystem  of  the  closed-loop  dynamics  must  be  specifically 
Ictcrmined  to  assure  that  the  exact  root  locations  of  the  trim 
. d transient  system  for  each  set  of  trim  outputs  is  acceptable. 

■ .1 1 iterations  are  often  required. 

irernately,  if  the  closed-loop  trim  system. 


- HC  b 


(4.121) 
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is  chosen  such  that  HC  is  upper  triangular,  then  correspond- 

ing  rows  and  columns  of  C can  be  deleted  without  altering 

the  closed-loop  dynamics  (except  eliminating  an  eigenvalue). 
Also,  it  is  possible  to  switch  the  first  element  of  the  output 
vector  independently  of  the  other  system  elements  and  not 
affect  the  remaining  dynamics.  The  upper  triangular  structure 
and  eigenvalue  placement  determines  (m)(m+l)/2  constraint 
equations.  The  remaining  (m)(m-l)/2  free  elements  of  C 

^s 

can  be  chosen  as  zero  or  a quadratic  regulator  construction 
can  be  used  to  resolve  the  ambiguity. 


Either  method  described  above  produces  a single  mxr  gain 
matrix.  The  implementation  of  the  switching  operation  is  now 
described.  If  s controls  are  saturated,  m-s  elements  of 
the  r output  quantities  can  be  chosen  for  trim.  The  control 
law  is  then  implemented  as  in  Eq . (4.117)  with  the  s rows 
corresponding  to  the  saturated  actuators  deleted  from  the 
and  Cy  matrices  and  (m-s)  diagonal  elements  of  A set  to 
1.  The  control  is  switched  when  an  actuator  saturates  (delete 
a row  and  column),  an  engine  limit  must  be  accommodated  (the 
first  column  is  replaced) , or  the  set  point  element  associated 
with  a saturated  control  tends  to  unsaturate  the  control  (add 
the  row  and  a column) . The  implementation  produces  an  extremely 
simple  structure  for  trim  and  transient  control  action  which 
can  accommodate  various  engine  limits  and  control  saturation, 
as  well  as  accurately  obtain  rated  engine  performance  throughout 
the  envelope. 


4.7  SENSOR  COMPENSATION  TECHNIQUES 

4.7.1  Optimal  Control  in  the  Presence  of  Noise 

In  the  preceding  discussion  of  control  synthesis  tech- 
niques for  linear  and  nonlinear  systems,  it  has  been  assumed 
that  the  controller  has  perfect  knowledge  of  the  state.  In 
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Section  4.3,  a model  reduction  procedure  was  introduced  which 
allows  the  control  designer  some  freedom  to  choose  convenient- 
ly measurable  quantities  as  state  variables.  However,  this  is 
not  always  possible  and  models  containing  unmeasured  states 
must  sometimes  be  formulated  to  accurately  describe  system 
response.  Measurement  errors,  model  errors  and  sensor  dynamics 
all  tend  to  make  the  knowledge  of  the  state  only  approximate. 

The  dependence  of  the  regulator  control  law  on  measurement 
uncertainties  must  be  analyzed  so  that  the  impact  on  perform- 
ance can  be  evaluated. 

The  regulator  gains  are  assumed  independent  of  the  uncer- 
tainty in  the  knowledge  of  the  state.  This  assumption  allows 
the  synthesis  procedure  to  maintain  its  systematic  simplicity 
and  separates  the  compensation  of  the  transduced  signals  from 
the  control  design.  The  justification  of  this  assumption  is 
discussed  below. 

For  the  general,  linear  stochastic  control  problem,  the 
system  follows: 

X = Fx  + Gu  + w (4.122) 

y = Hx  + V (4.123) 

In  this  case,  w and  v are  zero  mean,  Gaussian  random  pro- 
cesses with  covariances  defined  below: 

E [w  (t)w'^(t)  ] = Q6(t-t)  (4.124) 

E[v  (t)v'^(t)]  = R6(t-T)  (4.125) 

Systems  acted  on  by  random  disturbances  and  containing 
random  measurement  errors  can  be  modeled  by  Eqs.  (4.122)  and 
(4.123) . 
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The  performance  index  for  the  problem  remains  unchanged 
except  that  the  mean  value  of  the  cost  is  minimized: 


J 


j[x'^  u"^] 

" A 

n' 

X 

) 

T 

/ 

( 

Ln^ 

u. 

) 

(4.126) 


The  solution  to  the  problem  follows  directly  from  a change 
of  coordinates.  The  maximum  likelihood  estimate  of  the  state 
given  all  the  measurements  to  time  t is  the  function  x(t) 
that  makes  the  residual  process  white,  i.e.,  [47] 

v(t)  = y(t)  - Hx(t)  (4.127) 

E[v(t)  v'^(t)]  = M6(t-t)  (4.128) 


It  can  be  shown  that  there  is  an  (nxp)  matrix  function  of  time 
K(t)  which  will  produce  the  maximum  likelihood  estimate  as 
follows : 


X = Fx  + Gu  + K(t)v(t)  (4.129) 

Now,  the  problem  in  Eqs.  (4.126)  and  (4.129)  can  be  rewritten 
with  new  variables  as  follows: 


e = X - X 


J = I E 


( 

' A n' 

r ^ 1 

X 

j 

[i’’  uT] 

T 

> 

( 

B 

u 

) 

+ E[e"Ae] 


(4.130) 


(4.131) 


The  error  term,  e,  follows  the  linear  system  relationship. 


e = (F  - KH)e  + Kv  + w 


(4.132) 
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and  is  independent  of  the  control.  The  regulator  problem 
minimizes  the  first  term  of  Eq . (4.131).  The  solution  is 
derived  in  Chapter  III  as  follows: 


I 


u(t)  = Cx(t)  (4.133) 

where  the  matrix  C is  determined  under  the  assumptions  of 
perfect  state  knowledge. 

For  nonlinear  systems  and  for  systems  with  non-Gaussian 
disturbances,  this  separation  principle  may  not  hold.  However, 
it  is  often  approximately  true  and  utilization  of  separate 
design  procedures  for  control  and  estimation  yields  satisfactory 
closed-loop  systems. 

A result  of  the  above  discussion  is  presented  below.  For 
the  linear  system,  Eq . (4.122),  a filter,  not  necessarily 
optimal,  can  be  written  as  follows: 


Fx  + Gu  + K(y  - Hx) 


(4.134) 


where  K is  any  (nxp)  constant  matrix.  The  system  of  Eqs. 
(4.122),  (4.132),  and  (4.133)  can  be  written  in  terms  of  the 
state  vector,  x,  and  the  error  vector,  e,  as  follows: 


X 

F + GC 

GC 

X 

[0 

I] 

V 

= 

+ 

----- 

e 

0 

F - KH 

e 

IJ 

w 

(4.135) 


Here,  C is  any  (mxn)  constant  feedback.  Thus,  the  closed- 
loop  system  dynamics  and  the  filter  dynamics  can  be  designed 
independently  by  any  method.  In  practice,  the  system  dynamics 
F,  G,  and  the  filter  dynamics  will  not  be  identical.  There- 
fore, this  separation  property  will  be  only  approximate. 
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4.7.2  Classical  Techniques 


The  philosophy  discussed  in  Section  4.7.1  has  been  used 
for  many  years  in  classical  design.  The  goal  of  sensor  com- 
pensation is  to  remove  the  random  error  from  the  signal  and 
produce  the  best  estimate  of  the  measured  quantity  for  control. 

There  are  two  criteria  used  in  sensor  compensation.  If 
a sensor  has  a very  high  bandwidth,  spurious,  high  frequency 


input  may  enter  the  feedback  loop  and  cause  unacceptable 
behavior.  The  standard  remedy  is  a low  pass  filter  at  a 
width  higher  than  the  closed-loop  frequency.  The  simple 
filter  can  be  represented  as  follows: 

band- 

lag 

x(s)  = y(s) 

(4.136) 

or 

• 

X = -ax  + ay(t) 

(4.137) 

or 

x(n+l)  = e’^^x(n)  + (1  - e'^^)  y(n) 

(4.138) 

In  most  digital  control  systems,  it  is  standard  practice 
to  filter  all  input  signals  to  eliminate  aliasing.  Each  trans- 
duced  input  will  have  an  ample  amount  of  noise  at  all  frequen- 
cies due  to  line  pick-up,  power  supply  fluctuation,  EMI,  etc. 

Sampling  into  this  noise  can  often  lead  to  difficult  problems. 
Higher  order  filters  with  steeper  attenuation  characteristics 
are  sometimes  necessary. 

Sensor  compensation  must  also  improve  poor  dynamic 
response  relative  to  the  closed-loop  dynamics.  Many  trans- 
ducers can  be  modeled  by  first  order  lags.  If  the  bandwidth 
of  these  sensors  is  significantly  lower  than  the  desired 
closed-loop  bandwidth,  poor  transient  behavior  can  be  antici- 
pated due  to  the  phase  lag  introduced  by  the  instrument. 


158 


Compensation  introduces  phase  angle  into  the  control  loop  as 
required.  The  following  form  results: 


or 


or 


= gVs  \ 0 < a < 1 

X = X + — y + — y 
at  at  a 

x(n+l)  = e x(n)  + (1  - e )y  (n) 
+ ^ [y(n+l)  - y(n)  ] 


(4.139) 

(4.140) 


(4.141) 


The  implicit  derivative  term  in  Eq.  (4.140)  causes  amplifica- 
tion of  high  frequency  noise  components  and  this  restriction 
determines  the  limit  on  a.  Higher  order  lead  networks  can 
be  used. 

Another  classical  compensation  network  is  the  complementary 
filter.  This  uses  two  measurements  of  a particular  variable. 

One  signal  originates  froma  slow  response  sensor  with  high 
low  frequency  (i.e.,  d.c.)  accuracy.  The  other  originates  from 
a high  response  transducer  with  lower  d.c.  accuracy.  The 
information  content  of  the  signals  can  be  thought  of  as  fre- 
quency decoupled.  A filter  is  constructed  for  the  slow  response 
signal  consisting  of  a noise  lag  shown  in  Figure  4.16.  The 
complement  of  this  is  constructed  whose  frequency  character- 
istic, when  added  to  the  noise  roll-off,  produces  a flat 
response.  This  high  pass  filter  is  used  to  eliminate  the  d.c. 
bias  associated  with  the  fast  sensor.  Combining  the  two 
inputs,  che  frequency  components  are  most  efficiently  utilized. 
The  complementary  filter  is  a special  case  of  multivariable 
filters  and  Kalman  estimators  which  will  be  discussed  in  the 
next  section. 
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Figure  4.16  Complementary  Filter  Structure 


4,7.3  Multivariable  Filter  Compensation 

Classical  compensation  philosophy  can  also  be  applied 
[68]  to  multivariable  systems.  With  many  measurements,  it  is 
possible  to  choose  the  high  bandwidth  variables  to  regulate 
the  transient  response  of  the  system.  Slower,  high  accuracy 
sensors  can  be  utilized  for  trim  or  bias  control.  The  design 
proceeds  by  the  appropriate  choice  of  model,  quadratic  weights 
and,  finally,  filter  compensation. 

It  is  possible  to  implement  the  full  order  filter  in 
Eq.  (4.134)  directly.  This  increases  the  complexity  of  the 
control  law  from  simple  proportional  feedback  to  an  nth  order 
dynamic  compensation.  An  examination  of  the  optimal  filter 
roots  for  a group  of  measurements  typically  shows  that  some 
filter  time  constants  will  be  well  above  the  closed-loop  band- 
width. Single-loop  prefiltering  can  be  used  to  limit  noise 
transmittance  in  these  inputs.  The  measured  variables  will 
naturally  decompose  into  a set  of  high  bandwidth  signals  with 
no  special  filter  requirements  (i.e.,  except  prefiltering) 
and  a set  of  low  bandwidth  signals  which  are  necessary  to  the 
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control  function  but  which  do  not  have  sufficient  response  for 
use  directly  in  the  control  law. 

The  system  can  be  formulated  as  a reduced  order  filter 
[68].  Given  that  measurements  of  the  state  vector  are  made; 
a group  of  q measurements  will  have  satisfactory  response 
and  noise  characteristics  and  a group  of  (n-q)  measurements 
will  require  filtering  for  excessive  high  frequency  noise 
components  or  insufficient  bandwidth  response.  The  system 
can  then  be  partitioned  as  follows: 


(4.142) 


Yl  = 


(4.143) 


yZ  = ^2 


(4.144) 


For  the  control  law,  the  following  form  is  used: 


u = CjXj  + C2X2  (4.145) 

where  X2  is  the  compensated  filter  output.  Since  x^  is 
known  (measured)  accurately,  the  first  m equations  are  avail- 
able for  use  in  the  estimator  for  X2‘  Thus,  treating  Xj^  as 
an  input  to  these  equations,  an  estimate  of  x^^  may  be  ob- 
tained as  follows: 


A 


^12^2 


[Gn 


Pill 


(4.146) 
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The  filter  for  X2  is  written  in  standard  form  as  follows: 


2 = ^22^2  ^ ; ^21^  ■■■  + K2(y2-X2) 


(4.147) 


We  can  easily  combine  Eqs.  (4.146)  and  (4.147)  if  the  matrix 
L is  defined  as 


Ki  = LF,, 


(4.148) 


Substituting  Eqs.  (4.148)  and  (4.146)  into  Eq.  (4.147) 
yields  the  following: 

^2  ^ ^^22"^  ^^12  ‘ ^2^^2  * ^^21  ^^ll^^l 


+ (G2  +LGj^)u  + K2y2  ■ Lxj^ 


(4.149) 


The  implementation  of  Eq.  (4.149)  in  filter  form  is  shown 
below  and  in  Figure  4.17: 


X-  = 0 - Ly, 


(4.150) 


0 = (F22  +LF^2  ■ ^ ^ ^2^2 

+ (F2J  + LFj^j^  - F22L  - LFj^2L  ■ 


(4.151) 


The  gains  L and  K2  are  chosen  to  yield  satisfactory  response 
of  the  estimates  of  X2  [68].  An  examination  of  the  filter 
shows  that  the  control  inputs,  high  bandwidth  sensor  informa- 
tion, and  lower  bandwidth  signals  are  used  in  conjunction  with 
the  state  model  to  form  an  estimate  of  X2  which  has  acceptable 
frequency  Response  and  noise  characteristics.  The  filter  uses 
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Figure  4.17  Reduced  Order  Filter  Implementation 


a blend  of  inputs  in  an  effective  manner  to  produce  an  efficient 
output . 

4.7.4  Sensor  Error  Models 


It  was  stated  above  that  systems  driven  by  random  noise 
and  using  measurements  with  random  errors  could  be  modeled 
by  Eqs . (4.122)  and  (4.123),  i.e.,  linear  systems  with  white 
noise  inputs.  In  order  to  use  this  form,  the  noise  process 
must  be  white.  Examples  of  the  most  common  models  to  obtain 
this  form  are  given  below. 

Purely  Random  Error 


y(t)  = h^x(t)  + d^u(t)  + V 

(4.152) 

E(v)  = 0 

(4.153) 

E(vv^)  *=  R6(t-t) 

(4.154) 
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Random  Error  Plus  Slowly  Varying  Bias 

y(t)  = h^x(t)  + d^u(t)  + b + V (4.155) 


Augmented  state  vector: 


= [x^ 

1 J 

(4.156) 

Augmented  dynamics : 

b = i b . 

1 

(4.157) 

E(|)  = 0 

(4.158) 

E(g^)  = 

2b  X 

(4.159) 

where  : is  the  estimate  of  the  correlation  time  of  the  bias 

_2 

(e.g.,  the  mean  time  between  zero  crossings  [49])  and  b is 
the  approximate  covariance  of  the  bias. 


First  Order  Sensor  Lag 


y = y + ^ 

(4.160) 

^m  = 4 -d\(t)] 

(4.161) 

y = h^x(t)  + d^u(t)  + V 

(4.162) 

V = ^ V + 1 

(4.163) 

E(|)  = 0 

(4.164) 

= 4 

(4.165) 
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Higher  Order  Sensor  Dynamics 


y = V 

' ' m 


y™  “ ^my^  G(h^x  + d^u) 
^ m m'  m ^ 


T r T ' T, 
X = [x  I y ] 


y = [0  : I] 


m 


+ V 


4.7.5  Final  Value  Filter  for  Nonlinear  System 


(4.166) 

(4.167) 

(4.168) 


(4.169) 


In  some  physical  systems,  there  is  a strict  requirement 
on  regulation  below  some  physical  limit.  The  system  makes 
transitions  throughout  its  envelope.  At  some  point,  the  opera- 
tion takes  it  to  the  boundary,  i.e.,  the  state  which  holds  an 
output  at  its  limiting  value.  Operation  in  a manner  which 
exceeds  this  limit  either  transiently  or  in  steady-state  is 
forbidden  (e.g.,  material  melting  points  or  strength  limits). 
Since  the  system  is  typically  nonlinear  and  time -varying , only 
an  approximate  model  is  available  and  the  accuracy  of  the 
model  in  predicting  the  actual  outputs  of  the  system  can  be 
too  poor  to  be  used.  Also,  outputs  may  be  measured  with  slow 
response  transducers  relative  to  the  control  bandwidth. 

Filtering  theory  can  be  used  to  combine  information  from 
the  control  inputs,  output  measurements,  sensor  models,  and 
the  open-loop  trajectory  to  form  an  estimate  of  the  output. 

It  is  desirable  to  estimate  the  value  which  will  be  attained 
in  steady-state.  If  this  estimate  is  available  prior  to  the 
moment  of  exceedance,  then  appropriate  limiting  action  can  be 
initiated  to  avoid  overshoot. 
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Consider  a step  change  in  operating  point  which  produces 
a state  trajectory  as  discussed  in  Section  4.1.  This  is  shown 
schematically  in  Figure  4.18.  For  simplicity,  let  the  transi- 
tion take  place  in  a region  of  the  operating  envelope  where  a 
constant  coefficient,  linear  model  is  valid,  i.e.. 


Figure  4.18  Illustration  of  Step  Response  of  a Nonlinear 
System  During  an  Output  Limited  Transient 
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6x  = F6x  + G6u  (4.170) 

6u  = C6x  (4.171) 

6y  = H6x  + D6u  (4.172) 

In  steady- state , 

^ ^CL^^SS  (4.173) 


where  is  the  closed-loop  gain  of  the  system, 

= - (H  - DC)  (F  + GC)'^G  + D 

and 

'^SS  ’ ^o  (4.174) 

The  perturbation,  ^^SS’  steady-state  control  hang-off 

due  to  scheduling  errors  and  plant  parameter  uncertainties  (see 
Appendix  B) . An  estimate  of  the  final  value  of  y is  known 
from  the  reference  schedule  as  follows; 

Xq  = f(e)  (4.175) 

and  y55«  the  actual  output,  could  be  calculated  if  Sygg 
was  known , i . e . , 

>'ss  ■ >"0  * ®>'ss 

The  steady-state  hang-off  in  an  engine  control  without 
integral  compensation  is  due  primarily  to  inaccuracies  in  the 
open-loop  reference  schedules.  The  mismatch  is  due  to  build 
differences,  aging,  and  approximations  in  the  implementation. 

The  hang-off,  however,  is  equivalent  to  that  caused  by  a con- 
stant disturbance.  Thus,  compensation  can  be  designed  for 
constant  disturbances  of  unknown  origin.  This  problem  is 
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discussed  in  Section  3.5.  The  solution  results  in  a reduced 
order  filter  for  estimation  of  the  steady-state  hang-off  [49], 

It  is  extended  below  to  include  measurements  containing  errors. 

Consider  the  system  driven  by  constant  disturbances  of 
unknown  structure, 

6x  = F6x  + G6u  + rw  (4.177) 

6y  = H6x  + D6u  (4.178) 

where  Fw  is  an  unknown  nxl  vector.  In  steady- state , the 
equilibrium  of  the  closed-loop  system  can  be  written  analogous- 
ly to  Eq.  (4.173)  assuming  no  scheduling  errors: 

6yss  = Fw  . (4.179) 

A filter  to  estimate  the  final  value  of  the  output  due  to 
the  unknown  disturbance  can  be  formulated  in  general  as  follows: 

69gg  = K(6yg5  - 69gg)  (4.180) 

where  the  "dynamics"  of  the  system  are 

6ygg  = 0 (4.181) 

and  K is  chosen  as  a positive  definite  matrix  for  stability 
[49],  i.e.,  the  filter  converges  to  the  actual  steady-state 
hang-off.  From  Eq . (4.177), 

Fw  = X - F8x  - G6u  (4.182) 

and  from  Eqs.  (4.179)  and  (4.180),  the  following  holds  (drop- 
ping the  SS  subscripts) : 
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Sy  = K[H^(6x  - F6x  - G6u)  - 6y] 


(4.183) 


The  form  of  Eq . (4.183)  is  a reduced  order  estimator  for 
6y  using  measurements  of  8x,  6u,  and  6y.  The  techniques 

presented  for  sensor  error  modeling  are  directly  applicable. 

The  measurements  of  6y  containing  sensor  errors  (typically 
slow  response  characteristics)  can  be  augmented  to  the  system 
and  the  filter  synthesis  carried  out. 

A specialization  of  Eq.  (4.183)  is  important  in  some 
applications.  If  the  modal  components  of  the  output  are 
associated  primarily  with  a portion  of  the  dynamics  which  is 
much  faster  than  the  dominant  control  roots,  the  model  reduc- 
tion procedure  will  yield  an  equation  of  the  following  form: 

6y  6u  (4.184) 

where  6u  has  the  interpretation  of  the  control  deviation  away 
from  the  trajectory  which  produces  the  correct  final  value, 
namely  6ygg  = 0.  In  this  case,  6y  can  be  interpreted  as  a 
measure  of  the  final  deviation  in  the  output  calculated  during 
the  transition.  Since  this  deviation  is  not  known  because  of 
trajectory  inaccuracies,  Eq.  (4.184)  can  be  treated  as  a biased 
measurement  of  the  final  output  and  can  be  used  as  an  auxiliary 
measurement  equation.  An  augmented,  reduced  order  estimator 
under  these  assumptions  is  given  below: 


6y  = (D^6u  - 69  - 6)  + K2  (Sy^^  - 6y) 

(4.185) 

• 

6 = Kj(D^6u  - 6y  - 8) 

(4.186) 

• 

69™  = « (69  ■ 69  ) + K . (6y  - 69  ) 

•'m  4^  ■'m  ■'m'^ 

(4.187) 

where  a transducer  input,  with  time  constant  i = 1/a 

is  used. 
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The  algorithm  tends  to  act  as  a complementary  filter 
using  the  control  deviations  as  high  frequency  information.  A 
specific  application  is  discussed  in  detail  in  Chapter  V for 
estimating  turbine  inlet  hang-offs  above  physical  limits. 

4 . 8 SUMMARY 

The  principal  techniques  of  locally  linear  control  design 
and  implementation  for  nonlinear  systems  is  presented.  The 
theoretical  foundations  are  reviewed  and  the  assumptions  neces- 
sary for  application  of  the  procedure  stated.  Modeling  of  the 
nonlinear  system  using  locally  linear  perturbations  is 
described.  Techniques  for  manipulating  the  model  into  a 
form  containing  convenient  parameterization  and  important 
dynamics  is  discussed. 

For  full  envelope  operation,  a method  for  integrating 
locally  linear  model  controls  together  is  needed.  A passive 
adaptive  technique  is  discussed  which  is  inherently  suited  for 
minicomputer  implementation. 

A successful  control  implementation  must  handle  large 
transitions  as  well  as  account  for  system  degradation  and 
variation.  A transition  control  structure  is  described  with 
integral  trims  to  produce  the  desired  properties.  Set  point 
variation  and  control  saturations  are  also  accommodated  by  the 
approach . 

Sensed  variables  of  the  system  are  often  corrupted  by 
error  sources  due  to  the  transducer.  Various  techniques  for 
sensor  compensation  are  discussed  and  their  impact  on  control 
performance  is  evaluated. 
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CHAPTER  V 


DESIGN  OF  A MULTIVARIABLE  CONTROLLER  FOR  THE 

FIDO  ENGINE 


5.1  INTRODUCTION  AND  OVERVIEW 

In  Chapter  II,  the  important  issues  in  the  design  of  tur- 
bine engine  controls  are  discussed  along  with  the  approach  of 
previous  work  in  utilizing  classical  and  optimal  design  tools. 
In  Chapter  III,  important  linear  techniques  are  presented  for 
multivariate  feedback  control  laws.  In  Chapter  IV,  techniques 
from  linear  theory  to  derive  nonlinear  controllers  which 
function  throughout  the  operating  envelope  of  the  system, 
accommodate  large  and  small  inputs,  and  produce  robust  regula- 
tion in  the  presence  of  disturbances  are  illustrated.  In 
this  chapter,  an  application  of  these  principles  is  described 
for  the  FlOO  turbofan  engine.  The  numerical  outputs  are  accu- 
mulated in  Appendices  C through  H. 

The  perturbational  control  structure  chosen  for  the  FlOO 
engine  is  described.  Input  and  output  characteristics  are 
presented.  Each  component  subsystem  is  then  derived  in  more 
detail.  The  reference  point  schedule  algorithm  produces  feed- 
forward state  and  control  information.  The  linear  engine  model 
is  developed  for  which  design  models  for  linear  quadratic 
regulator  synthesis  are  calculated.  Modification  of  the 
resulting  state  feedback  matrices  to  accommodate  full  envelope 
operation  is  controlled  by  the  gain  scheduling  algorithm. 
Integral  control  modes,  sensor  compensation,  and  switching 
are  next  presented  to  illustrate  accommodation  of  practical 
constraints.  Finally,  the  design  for  large  transients  is 
made  using  linear  models  as  first-order  approximations  to 
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the  nonlinear  trajectory.  The  resulting  logic  is  an  implement - 
able  control  for  full  envelope  operation  well  within  the 
requirements  of  the  control  criteria. 


5.2  FlOO  ENGINE  SYSTEM 


5.2.1  FlOO  Turbofan  Engine 

The  Pratt  5 Whitney  FlOO  turbofan  engine  is  an  example  of 
a production,  high  technology,  propulsion  system  (see  Figure 
5.1).  The  FlOO  is  a low  bypass  ratio,  twin  spool,  axial  flow 
aircraft  turbine  with  the  following  characteristics: 

(1)  three-stage  fan  driven  by  a two-stage  turbine; 

(2)  ten-stage  compressor  driven  by  an  air-cooled,  two- 
stage  turbine; 

(3)  annular  fan  duct  discharging  into  a mixed  flow  aug- 
mentor ; 

(4)  variable  area  nozzle; 

(5)  variable  geometry  fan  inlet  guide  vanes; 

(6)  variable  geometry  stators  in  the  compressor;  and 

(7)  variable  compressor  discharge  bleeds. 

The  production  fuel  control  of  the  FlOO  engine  is  basi- 
cally a hydromechanical  implementation  with  an  engine -mounted 
electronic  supervisory  control.  Because  of  test  availability 
of  an  engine  under  the  NASA  Full  Scale  Engine  Research  Program 
and  the  multivariable  nature  of  the  FlOO,  it  was  chosen  as  a 
test  bed  for  the  demonstration  of  the  LQR  synthesis  described 
in  this  report.  A more  complete  description  of  the  FlOO 
engine  is  presented  in  Ref.  1. 

5.2.2  Sensor  and  Actuator  Characteristics 


The  dynamic  characteristics  of  the  control  actuators  and 
sensors  modeled  on  the  nonlinear  digital  simulation  and  the 
NASA  LeRC  hybrid  simulation  are  completely  described  in  Refs. 
1 and  2.  A brief  description  is  presented  below. 
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Actuators 


The  dynamic  characteristics  of  the  actuators  are  presented 
in  linearized  form  in  Figure  5.2.  The  characteristic  values 
for  each  actuator  are  presented  in  Table  5.1. 

The  primary  actuated  variable  is  the  main  burner  fuel 
supply.  Fuel  commands  are  supplied  to  a hydromechanical 
control  for  the  fuel  pump  and  regulating  valve.  There  are 


METERING  VALVE  PUMP  CONTROLLER 


FUEL  FLOW 

1 

1 

FUEL  FLOW 
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'mv^  * 1 

tpcS  ♦ 1 

TO  ENGINE* 

•MAIN  BURNER  FUEL  FLOW  DYNAMICS 


• NOZZLE  AREA  ACTUATOR 


STEPPER  MOTOR  POWER 

SYSTEM  SERVO  SYSTEM  CYLINDER 


• CIVV  ACTUATION  SYSTEM 


POWER 

SERVO  SYSTEM  CYLINDER 


POSITION  REQUEST  ^ 

1 

S 

RCVV  POSITION 

J 

'rs*  * 1 

• RCVV  ACTUATION  SYSTEM 


Figure  5.2  Linearized  Actuator  Dynamical  Models 
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Table  5.1 


Characteristic  Actuator  Time  Constants 
(see  Fig.  5.2) 


ACTUATOR 

■^IME  CONSTANT 

Main  Fuel  Pump 
(WFMB) 

'mv  " 

tpj,  = 0. 1 sec 

Area  Actuator 
(Aj) 

'as  ’ 

U3  = 3-6  Hz* 
n 

; = 0.27  - 0.57* 

Compressor  Inlet  Variable  Vanes 
(CIVV) 

'SM  ' 

'cs  = 

Rear  Compressor  Variable  Vanes 
(RCVV) 

Tpj  = 0.01  sec 

T 


Depending  on  altitude  and  Mach  number 


first-order  dynamics  associated  with  the  metering  valve 
response  and  the  pump  servo  regulator.  Of  these  two,  the 
servo  pump  response  predominates.  There  is  hysteresis  in  the 
system  resulting  from  backlash  in  linkages  and  other  hydro- 
mechanical  elements.  For  the  research  con.trol  actuator,  the 
hysteresis  is  negligible. 

The  rear  servo  compressor  variable  stator  vane  (RCVV) 
system  is  a complex  servo  system  with  nonlinear  rate  limits 
and  hysteresis  characteristics.  The  response  rates  of  the 
system  are  extremely  fast  relative  to  the  fuel  pump  dynamics. 
The  system  is  linearized  by  removing  the  hysteresis  and  rate 
limit  effects  as  shown  in  Figure  5.2. 

The  compressor  inlet  vane  (CIVV)  system  is  a stepper 
motor  actuated  servo  loop.  Electronics  is  provided  for  loop 
compensation  of  the  servo  system  and  the  resulting  linear 
behavior  is  shown  in  Figure  5.2.  Hysteresis  and  step  quanti- 
zation effects  are  negligible. 
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The  jet  area  actuator  is  an  air-driven  system  whose 
response  characteristics  are  dependent  on  the  engine  operating 
conditions.  The  important  aspects  of  the  response  to  small 
perturbations  are  the  18-36  rad/sec  bandwidth  and  fairly  low 
= 0.27  - 0.56)  damping  ratio. 

The  linearized  dynamics  shown  in  Figure  5.2  are  the  basis 
for  the  analysis  of  actuator  models  used  in  the  regulator 
control.  The  most  efficient  representation  is  included  in  the 
synthesis  procedure.  The  effect  of  nonlinearities  such  as 
hysteresis,  rate  limits,  variable  time  constants,  etc.,  are 
then  evaluated  on  the  full  nonlinear  simulation  of  the  engine/ 
actuation  system. 

Sensors  for  the  NASA  Controls  Research  Engine 

The  transducers  sensing  the  important  aerothermodynamic 
quantities  in  the  engine  gas  path  are  listed  in  Table  5.2. 

For  multivariable  control,  typical  state-of-the-art  transducers 
are  used  with  response  times  shown  in  the  table.  The  time 
constants  of  the  rotor  speeds  and  pressure  transducers  are 
generally  faster  than  20  rad/sec.  The  engine  face  temperature 
probe  time  constant  of  1.5  sec  is  typical  of  a shielded  thermo- 
couple . 

The  fan  turbine  inlet  temperature  (FTIT)  dynamics  are 
shown  in  Figure  5.3.  The  probe  dynamics  have  this  form  because 
a harness  configuration  is  used  to  withstand  the  adverse 
environment.  This  model  was  developed  by  Pratt  8 Whitney 
Aircraft  Group  to  represent  the  behavior  of  the  sensor 
throughout  the  flight  envelope.  The  time  constants  are  some- 
what slower  than  the  typical  response  time  constants  of  the 
engine  and  represent  a critical  controlling  quantity.  A 
steady-state  filter  for  the  fan  turbine  inlet  temperature  was 
developed  to  provide  the  increased  response  needed  for  control 
without  degrading  the  accurate  steady-state  characteristic. 

This  system  will  be  discussed  in  Section  5.9. 
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Table  5.2 

Engine  Sensor  List 


■ ■ ■"""  1 

SENSOR  LOCATION 

SYMBOL 

TYPE 

TIME  CONSTANT 

Engine  Face  Temperature 

TT2 

Thermocouple 

1.5  sec 

Engine  Face  Pressure 

PT2 

Strain  Gauge 

0.02  sec 

Fan  Discharge  Temperature 

TT25C 

Thermocouple 

1.  5 sec 

Fan  Exit  iA(./p 

DP25 

Strain  Gauge 

0.02  sec 

Fan  Speed 

Tachometer 

0.03  sec 

Cnmpresspr  Speed 

N2 

Tachometer 

0.05  sec 

Burner  Pressure 

-■b 

Strain  Gauge 

0.02  sec 

Fan  Turbine  Inlet  Temperature 

TT45 

See  Fig.  5.3 

See  Fig.  5.3 

Augmentor  Entrance  Pressure 

PT6 

Strain  Gauge 

0.02  sec 

Main  Burner  Fuel  Flow 

WFMB 

Flowmeter 

0.05  sec 

Jet  Area  Servo  Stroke 

A.l 

Position  Transducer 

See  Table  5. 1 

Inlet  Guide  Vane  Deflection 

Servo  Feedback 

See  Table  5.1 

Compressor  Vane  Deflection 

Servo  Feedback 

See  Table  5.1 

FAN  TURBINE 
INLET  TEMPERATURE 
(TT45) 


^ 

0.309 

0.59SS  + 1 

+ 1 

0.691 

5:49s  + 1 

FTIT 

SENSOR 

SIGNAL 


Figure  5,3  Fan  Turbine  Inlet  Temperature  (FTIT) 

Sensor  Model 


5.2.3  Engine  Envelope  and  Control  Criteria 

High  performance  turbine  engines  inevitably  operate  at  or 
near  design  limits  of  speed,  pressure,  temperature  and  airflow. 
Accurate  control  of  these  quantities  is  necessary  to  achieve 
performance  levels  without  producing  unacceptable  deterioration 
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of  the  components.  The  operating  envelope  of  the  engine  is 
often  determined  by  these  limiting  aspects.  A detailed  discus 
sion  of  the  control  criteria  for  the  FIDO  engine  is  given  in 
Refs.  1 and  2.  The  impact  of  the  criteria  on  control  design 
is  summarized  below  and  in  Table  5.3. 

Temperature  Limits 

Temperature  limits  are  encountered  in  operation  of  the 
engine  at  various  stations  throughout  the  core  stream  gas  path 
Since  transducing  accuracy  and  response  times  are  poor  within 
the  burner  section  of  the  engine,  the  control  requirement  for 
all  core  stream  temperature  limiting  is  expressed  as  a limit 
on  the  gas  temperature  at  the  low  pressure  turbine  entrance. 

At  this  point,  the  cooler  environment  allows  placement  of 
accurate  and  durable  probes  which  correlate  well  with  other 
unmeasurable  sense  points  in  the  burner  section. 

In  order  to  meet  transient  response  specifications,  the 
current  control  criterion  is  specified  to  allow  a small  (2%) 
overshoot  in  the  gas  temperature  for  less  than  500  msec.  This 


Table  5.3 

Summary  of  Control  Criteria 


1.  Engine  Protection 

• Temperature  Limits 

• Speed  Limits 

• Pressure  Limi ts 

• Engine  Fluctuations 

• Fan  and  Compressor  Stall  Margins 

• Augmentor  Spikes 
•Structural  Stability 

2.  Compatibility  with  Inlet/Aircraft 

• Airflow  Corridor 

• Minimum  Burner  Pressure 

3.  Steady-State  Performance 

• Thrust  and  Fuel  Consumption  Requirements 

• Control  Sensitivity 

Deterioration 
Installation 
Inlet  Conditions 

• Repeatability 

4.  Transient  Requirements 
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criterion  is  evaluated  in  the  simulation  only  because  the 
engine  probes  are  too  slow  to  accurately  produce  measurements 
of  this  overshoot. 

The  steady-state  temperature  limit  is  used  to  set  engine 
operating  point  performance  at  intermediate  power  throughout 
most  of  the  operating  envelope.  The  controller  is  required 
to  modulate  the  engine  to  attain  exactly  this  temperature  in 
steady- state . 

Speed  Limits 

Becuase  of  physical  limitations  of  rotors  operating  at 
high  temperatures,  overspeed  limits  were  placed  on  the  com- 
pressor and  fan  spools.  These  limits  were  roughly  2%  and  4% 
of  the  intermediate  operating  values,  respectively.  These 
limits  represented  transient  requirements,  since  the  engine 
never  operates  exactly  at  the  overspeed  limit. 

Pressure  Limit 

Maximum  burner  pressure  is  restricted  to  assure  structur- 
al integrity.  At  several  flight  conditions,  engine  intermediate 
power  performance  is  set  by  operation  at  the  maximum  burner 
pressure  limit.  Minimum  burner  pressure  is  specified  at  48 
psia  to  provide  an  air  source  for  auxiliary  usage.  Idle  power 
is  set  by  operation  on  the  minimum  burner  pressure  limit  at 
most  subsonic,  altitude  points  within  the  envelope. 

A conflict  in  the  minimum  burner  pressure  and  maximum 
turbine  inlet  temperature  occasionally  occurs.  Operation  at 
the  maximum  temperature  produces  too  low  a burner  pressure 
while  operation  at  minimum  burner  pressure  produces  an  over- 
temperature condition.  In  these  cases,  the  control  is 
required  to  hold  the  maximum  turbine  temperature  even  though 
this  results  in  substantially  lower  burner  pressures  than 
otherwise  allowed. 
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Structural  Stability 

The  variable  geometries  (CIW  and  RCW)  have  a limited 
motion  due  to  physical  stops  and  aerodynamic  flutter  bound- 
aries. Also,  to  keep  geometry  motion  within  the  regions  of 
accurate  modeling,  the  geometry  excursions  are  limited  to  ^6° 
and  from  the  nominal  hardware  schedules,  respectively.  At 
some  operating  conditions,  the  vanes  must  be  exactly  at  a 
physical  stop  to  produce  the  specified  performance. 

Airflow  Corridor 

Engine  airflow  is  set  by  inlet  requirements.  At  superson- 
ic flight  points,  the  airflow  corridor  is  restrictive  and 
the  engine  can  operate  on  the  limit  in  several  regions.  No 
direct  measurement  of  airflow  is  made  by  the  control.  The 
airflow  requirement  is  translated  into  restrictions  in  power 
level  such  that  at  supersonic  conditions,  engine  idle  is  set 
by  a minimum  throttle  position  and  at  many  supersonic  condi- 
tions the  engine  cannot  operate  below  intermediate  power. 

This  restriction  makes  the  controller's  task  at  supersonic 
conditions  one  of  only  disturbance  regulation. 

Transient  Control  Criteria 

To  develop  regulators,  it  is  necessary  to  formulate  a 
performance  index  representing  a group  of  design  parameters. 

It  is  critical  to  provide  transient  control  criteria  including 
both  quantitative  and  qualitative  specification  of  the  desired 
small  perturbation  response.  The  specific  transient  control 
criteria  developed  for  the  FIDO  are  discussed  below  and  more 
completely  in  Ref.  1. 

The  regulator  must  provide  smooth  tracking  of  the  refer- 
ence trajectory.  Rapid  and  smooth  response  to  small  perturba- 
tions is  important.  It  is  difficult  to  assign  the  desired 
response  time  constants  because  the  engine  has  a wide  range 
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of  natural  response  characteristics.  For  example,  a fast 
controller  at  OK/1.2  would  probably  be  too  stiff  at  45K/0.9 
where  the  engine  natural  response  is  much  slower.  The  cri- 
terion of  fast  response  is  not  as  important  as  other  aspects 
of  the  closed-loop  behavior. 

The  most  important  transient  consideration  is  regulation 
near  critical  structural  limits  without  exceeding  them.  Near 
intermediate  power,  small  accelerations  must  be  controlled 
so  that  the  maximum  operating  temperature  and/or  pressure  is 
not  exceeded.  Rotor  overspeeds  are  only  slightly  greater  than 
the  normal  speeds  at  intermediate  power.  Transients  to  inter- 
mediate power  should  be  well  damped.  Minimum  burner  pressure 
and  minimum  fuel-to-air  ratio  must  be  accommodated  during 
deceleration  near  idle  power  at  most  subsonic  points.  Vari- 
able geometry  limits  are  imposed  on  RCW  and  CIW  motion  to 
avoid  excursions  into  flutter  and  stall  regions.  Surge  margin 
limits  on  the  fan  and  compressor  cause  an  implied  limit  on 
fuel  flow  and  jet  area  modulations  at  low  power. 

The  protection  limits  are  natural  extensions  of  steady- 
state  operating  requirements.  A group  unique  to  transient 
operation  is  also  specified.  When  the  augmentor  is  ignited, 
pressure  tends  to  quickly  increase  in  the  duct  and  cause  the 
fan  to  run  at  a reduced  stability  margin.  Typically,  the 
nozzle  is  opened  to  reduce  the  increased  pressure  and  relieve 
the  loading  on  the  fan.  Due  to  slight  mismatches  in  coordin- 
ation between  nozzle  area  and  augmentor  ignition,  small 
pressure  pulses  are  experienced  at  the  fan  discharge  station. 
Positive  pulses  are  caused  by  too  slow  or  too  small  a nozzle 
area  and  negative  pulses  from  the  reverse  situation.  These 
pulses  can  cause  significant  performance  degradation  from 
fan  surge  and  augmentor  blowout  at  subsonic  altitude  points 
where  operating  pressures  are  low.  The  control  should  modulate 
the  geometry  to  reduce  the  effects  of  this  pulse.  This  func- 
tion is  complex  and  suited  to  the  multivarable  aspect  of  the 
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regulator.  Control  action  to  accommodate  a positive  pressure 
pulse  sensed  by  the  augmentor  pressure  probe  would  be  to  close 
the  inlet  guide  vanes  and  open  the  nozzle  area.  As  the  fan 
speed  drops , added  fuel  flow  and  trim  of  the  geometry  should 
proceed  in  a coordinated  fashion. 

A second  transient  criterion  is  the  limiting  of  tempera- 
ture overshoots.  Small  overtemperatures  are  allowed  to  permit 
rapid  thrust  response.  Reducing  the  overshoot  without  signifi- 
cant degradation  in  response  is  a desired  goal. 

An  objective  of  the  regulator  is  small  signal  stability 
in  the  presence  of  actuator  hysteresis,  dead  zones,  and  sig- 
nificant time  constants  in  thermal  response  and  sensor  outputs. 
The  control  criteria  limit  variations  in  thrust  at  any  fre- 
quency to  be  less  than  1%  of  the  intermediate  level.  This 
thrust  requirement  translates  to  about  0.25%  of  intermedaite 
airflow  regulation  and  about  ^20  RPM  rotor  speed.  This  accur- 
acy requirement  can  be  compared  to  the  j^20  RPM  accuracy  of  the 
rotor  speed  sensors  themselves. 

Qualitative  transient  criteria  provide  goodness  factors 
to  compare  designs  which  otherwise  satisfy  the  quantitative 
specifications.  The  requirements  include  reduced  sensitivity 
to  instrument  errors.  Single-loop  control  designs  utilize  a 
single  measurement  input.  If  a failure  or  degradation  of  this 
sensor  occurs,  the  system  response  degrades.  In  a multivariable 
control,  there  is  redundant  information  available  from  sensors 
and  if  the  control  is  properly  designed,  single  sensor  sensi- 
tivity can  be  reduced.  Conflicting  with  this  is  the  desira- 
bility of  fast  and  accurate  response,  manifested  by  smooth 
thrust  recovery,  engine  limit  protection  and  disturbance 
attenuation. 

The  transient  control  criteria  form  the  qualitative  and 
quantitative  framework  for  the  development  of  the  control  cost 
function  as  well  as  the  choice  of  dynamic  model  of  the  engine. 
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Miscellaneous  Steady-State  Requirements 


The  controller  was  required  to  operate  satisfactorily  in 
the  presence  of  specified  deterioration,  power  extractions 
and  bleed  flow  in  comparison  to  the  FlOO  production  control. 

5.3  OVERVIEW  OF  THE  CONTROL  STRUCTURE 

The  control  structure  is  shown  in  Figure  5.4.  The  design 
of  each  block  will  be  described  in  the  following  section. 
References  to  the  theoretical  foundations  described  in  Chapters 
III  and  IV  are  made  extensively  to  simplify  the  treatment. 

The  controller  is  basically  a perturbational  regulator. 
State  feedback  is  used  to  modulate  control  variables  to  track 
a synthesized  trajectory.  Integral  control  is  provided  to 
obtain  defined  steady-state  performance.  The  integral  control 
has  a variable  structure  to  accommodate  varying  set  points  and 
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Figure  5.4  FlOO  Turbofan  Multivariable  Control  Structure 
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actuator  limits.  The  reference  trajectory  is  approximated 
from  reference  point  schedules  and  a trajectory  synthesis 
algorithm.  Gains  are  scheduled  as  a function  of  power  and 
flight  point. 

The  following  sections,  5. 4-5. 9,  detail  the  five  princi- 
pal control  logic  elements. 

5.4  REFERENCE  POINT  SCHEDULES 

5.4.1  Purpose 

The  control  must  produce  inputs  which  cause  the  system  to 
operate  with  outputs  appropriate  to  the  power  level  and  flight 
condition.  In  the  FIDO  control,  the  transformation  from 
ambient  conditions  and  power  lever  angle  to  rotor  speeds, 
pressures  and  temperatures  is  performed  by  the  reference  point 
scheduling  algorithm  (see  Figure  5.5). 

The  FIDO  engine  has  five  actuators  to  modulate  steady- 
state  engine  conditions.  Assuming  that  the  bleeds  are  closed 
and  the  variable  geometry  has  attained  the  prescribed  hardware 
schedules  for  maximum  efficiency,  there  are  two  remaining 


Figure  5.5  Reference  Schedule  Algorithm 
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degrees  of  freedom  of  the  operating  point  represented  by  the 
main  burner  fuel  flow  and  the  exhaust  nozzle  area. 

Typically,  the  problem  of  the  engine  operating  point  is 
addressed  during  the  engine  design  and  various  rating  points 
are  developed  at  which  the  engine  must  produce  given  levels 
of  performance.  The  control  system  is  then  designed  to  oper- 
ate at  the  rated  performance  points  and  to  modulate  the  engine 
between  rating  points  smoothly  and  efficiently.  In  the  FIDO 
production  control,  the  engine  is  operated  to  meet  rated  per- 
formance in  this  manner  using  a supervisory  trim  and  a hydro- 
mechanical governor. 

In  this  research  control  program,  the  reference  points 
were  specified  at  the  conditions  (e.g.,  fuel  flow  and  jet 
area)  held  by  the  production  control.  While  this  procedure 
does  not  exploit  the  full  versatility  of  the  digital  computer 
in  running  extremely  detailed  and  optimal  set  point  maps,  it 
did  provide  a demonstration  of  the  flexibility  of  the  control 
in  matching  a given  set  of  performance  data  as  represented  by 
the  production  control. 

5.4.2  Implementation  Procedure 

The  reference  schedule  generation  uses  steady-state  data 
representative  of  the  set  points  held  by  the  production  control. 
A number  of  points  were  generated  at  subsonic  and  supersonic 
conditions  from  the  nonlinear  digital  simulation.  The  data 
spans  the  engine  operating  line  from  sea  level  to  high  alti- 
tude and  from  intermediate  to  idle  power.  It  represents  rotor 
speeds,  fuel  flow,  pressures,  temperatures,  and  areas  attained 
at  the  power  lever  angles,  ambient  pressures,  temperatures, 
and  Mach  numbers. 

The  technique  for  linear  break  point  interpolation  is  used 
to  approximate  nondimensional  steady-state  data.  This  approxi- 
mation produced  small  errors  in  state  and  control  matches. 
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The  set  of  speeds,  pressures,  and  temperatures  calculated  by 
the  schedules  is  not  precisely  an  equilibrium  point.  This 
does  not  degrade  the  performance  because  the  integral  control 
logic  applies  the  required  trim.  State  and  control  feedfor- 
ward scheduling  produces  an  improved  transient  response  charac- 
teristic. This  concept  is  discussed  in  Section  4.5  and 
Appendix  B. 

Figure  5.6  shows  a simplified  diagram  of  the  reference 
point  schedules.  The  algorithm  schedules  the  fan  stream  and 
core  stream  variables  separately.  Fan  airflow  is  the  independ- 
dent  variable  for  the  fan  stream  and  compressor  speed  schedules 
the  core  variables.  A nondimensional  parameterization  is 
used . 

5.4.3  Approximation  Techniques 

In  the  computer  implementation,  the  reference  point  sched- 
ule data  is  stored  in  tabular  format.  The  tables  are  derived 
from  data  points  generated  at  various  steady-state  conditions. 
There  is  a trade-off  in  accuracy  and  storage/execution  time  of 
the  algorithm.  A least  squares  procedure  for  accurate  break 
point  interpolation  table  construction  is  discussed  in  Section 
4.4. 

5.4.4  Description  of  Implementation 

The  reference  schedules  are  shown  in  Appendix  C.  A 
description  of  each  block  is  given  below. 

Fan  Stream  Schedules 

The  principle  scheduling  variable  for  the  fan  stream  para- 
meters is  airflow  (see  Figure  5.7).  The  power  lever  angle  is 
translated  into  a requested  airflow  to  set  the  performance  of 
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Figure  5.6  Reference  Point  Scheduling  Algorithm  - Overview 

the  engine.  This  relationship  is  a function  of  the  ambient 
temperature.  The  airflow  is  modified  at  lower  power  and  low 
Mach  number  to  mimic  the  production  control  in  generating  the 
rated  sea  level  static,  idle  thrust.  The  airflow  corridor, 
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Figure  5.7  Fan  Stream  Reference  Schedules 


which  is  a function  of  Mach  number,  also  modifies  the  output. 
Using  this  scheduling  variable  permits  implicit  satisfaction 
of  the  inlet  airflow  requirements. 

The  airflow  parameter  is  used  to  schedule  the  fan  speed 
along  the  fan  operating  line.  The  corrected  fan  speed  is  a 
univariate  function  of  the  corrected  airflow.  Shifts  in  the 
operating  line  due  to  altitude  and  Mach  number  are  accommodated 
in  the  Ap/p  schedule. 

The  averaged  fan  exit  Mach  number  parameter,  Ap/p,  is 
defined  (but  not  necessarily  synthesized)  as  follows: 

. , 1 1 ^’’2.  sch  ■ *’’2. 5c's  , *'’2.  SHh  ■ ^'’2.  SH^sl 

^ I j 
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This  parameter  represents  a direct  fan  operating  point 
measurement  [29].  The  averaging  reduces  bypass  ratio  effects 
which  can  produce  poor  performance  if  interior  or  exterior 
fan  exit  measurements  are  used  alone.  The  parameter's  rela- 
tionship to  other  fan  variables  is  schematically  shown  in 
Figure  5.8.  Ap/p  is  used  for  trim  because  it  determines  the 
fan  match  point  shift  as  a function  of  altitude  and  Mach  num- 
ber. It  is  scheduled  as  a function  of  corrected  airflow  and 
temperature  to  represent  these  effects.  The  augmentor  entrance 
pressure  is  scheduled  by  fan  airflow. 

Core  Stream  Schedules 

The  independent  variable  for  the  gas  generator  is  com- 
pressor speed  (see  Figure  5.9).  The  compressor  speed  is 
scheduled  as  a function  of  the  engine  face  temperature  and 
the  power  lever  angle. 


Figure  5.8  Relationship  of  Fan  Component  Parameters 

to  Ap/p 
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Figure  5.9  Core  Stream  Reference  Point  Algorithm 


The  burner  pressure  schedule  is  a univariate  function  of 
the  core  speed  corrected  to  engine  face  temperature.  While 
it  is  only  an  approximate  curve,  this  variable  is  not  used 
for  trim  except  at  minimum  and  maximum  limits.  Thus,  the 
slight  mismatch  produces  no  degradation  in  performance. 

Similarly,  the  fan  turbine  inlet  temperature  is  scheduled 
with  core  speed.  The  turbine  inlet-to-engine  face  temperature 
ratio  is  used  as  the  nondimensional  form.  A correction  is 
applied  to  this  ratio  representing  Reynolds  number  effects 
at  high  altitudes.  The  dimensional  variable  is  then  limited 
by  the  maximum  value  specified  in  the  control  criteria. 

Engine  power  level  is  not  set  by  the  throttle  at  flight 
conditions  where  minimum  burner  pressure  constraints  apply. 

The  requested  throttle  must  be  increased  to  reflect  the  higher 
power  required  to  maintain  sufficient  combustion  stability. 
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The  reference  point  scheduling  logic  is  used  to  increase  the 
requested  PLA  at  low  pressure  conditions  as  shown  in  Figure 
5,10. 

The  initial  power  lever  angle  is  used  to  calculate  com- 
pressor speed  and  then  burner  pressure.  If  the  burner  pressure 
scheduled  is  below  the  minimum  (48  psia) , then  the  scheduled 
burner  pressure  is  set  to  the  minimum.  This  value  is  used  in 
an  inverse  pressure  versus  rotor  speed  curve  to  calculate  the 
higher  value  of  rotor  speed  necessary  to  hold  this  pressure. 
Finally,  the  rotor  speed  and  engine  face  temperature  are  used 
to  enter  the  PLA  versus  rotor  speed  schedule  to  calculate  the 
up-trimmed  throttle  position.  The  higher  PLA  is  an  estimate 
of  the  throttle  position  for  -minimum  burner  pressure.  This 
new  PLA  is  used  to  calculate  the  appropriate  reference  state 
and  control  vectors  for  the  equilibrium  point  in  the  normal 
manner. 

Control  Schedules 

The  engine  fuel  flow  is  scheduled  against  engine  corrected 
airflow  and  Mach  number.  It  was  found  that  this  relationship 
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Figure  5.10  Core  Stream  Uptrim  Logic 
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gave  the  closest  correlation  to  the  operating  conditions 
specified  by  the  production  control.  Since  this  variable  is 
not  used  to  trim  the  engine  performance,  the  inaccuracies 
associated  with  the  scheduling  produce  only  minor  effects. 

The  variable  geometry  curves  are  taken  from  the  hardware 
schedules  supplied  by  the  engine  manufacturer.  The  base  bleed 
schedule  is  closed. 

The  nozzle  jet  area  is  scheduled  as  a function  of  engine 
inlet  temperature  to  match  the  production  control  schedules 
so  that  direct  compatibility  with  the  augmentor  control  logic 
is  maintained  (see  Figure  6.20). 

Utilizing  the  reference  point  algorithm,  the  ambient  con- 
ditions, namely  PT2,  TT2,  Mn  and  the  throttle  input  (PLA) 
are  translated  into  an  approximate  reference  point  vector 
(see  Figure  5.6).  This  vector  includes  the  engines  states, 
outputs  and  controls. 

5.5  ENGINE  LINEAR  MODEL  DESCRIPTION 

Linear  models  were  generated  by  Pratt  5 Whitney  Aircraft 
Group  using  the  FlOO  nonlinear  simulation.  This  procedure  is 
described  in  Ref.  1.  Operating  points  were  chosen  which 
spanned  the  flight  envelope  and  center  on  regions  where  oper- 
ating characteristics  were  critical  to  some  limiting  variable. 

The  flight  envelope  was  parametrically  investigated  using 
the  steady-state  digital  simulation.  This  procedure  identified 
portions  of  the  envelope  where  limiting  boundaries  were 
approached.  The  transient  control  is  critical  in  regions 
where  steady-state  operation  is  near  an  engine  limit.  The 
digital  data  was  used  to  identify  points  at  which  to  perform 
this  required  linearization.  Analysis  of  the  initial  set  of 
linear  models  yielded  information  concerning  the  engine 
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dynamic  behavior  which  was  combined  with  steady-state  data 
to  identify  additional  linearization  points. 

As  part  of  the  investigation  of  the  operating  envelope, 
a group  of  steady-state  operating  points  for  the  production 
control  were  run  on  the  nonlinear  digital  simulation.  Data 
were  acquired  on:  (a)  component  stability  limits,  and 
(b)  engine  protection  limits  including  physical  rotor  speeds, 
turbine  inlet  temperature  and  burner  pressure  limits.  Data 
were  calculated  for  standard  day  conditions  as  a function  of 
altitude  and  Mach  number  within  the  limits  of  a nominal 
envelope  of  operation  for  a typical  aircraft  application. 

The  results  of  this  analysis  will  identify  those  envelope 
regions  where  particular  physical  limits  are  important  rela- 
tive to  the  control  criteria  specifications.  This  analysis 
will,  therefore,  lead  to:  (a)  further  linear  model  generation 
points,  (b)  control  design  operating  points,  and  (c)  a good 
physical  understanding  of  important  terms  to  be  weighted 
heavily  in  the  LQR  performance  index. 

Figure  5.11  shows  component  stability  results.  The  con- 
trol criteria  [1]  specifies  a minimum  component  stability 
margin  for  the  fan  and  compressor  of  151  and  51,  respectively. 
It  is  observed  from  the  data  that  fan  stability  is  well 
above  this  level  except  at  high  power,  high  altitude  and  low 
Mach  number  conditions,  or  at  low  altitude,  power  and  Mach 
number  where  the  steady  state  operating  stability  margin 
is  actually  below  the  minimum.  For  the  compressor,  the 
stability  limits  are  always  maintained  in  steady  state  by 
the  production  control.  Areas  where  the  limits  are  approached 
occur  at  low  power,  altitude  and  Mach  number  or  high  power, 
altitude  and  Mach  number.  These  results  indicate  that 
stability  margins  are  important  transient  constraints  at 
conditions  like  sea  level  static,  idle  power.  High  altitude 
points  of  low  component  stability  lie  outside  the  transient 
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Figure  5.11  Fan  and  Compressor  Stability  at  Various  Power 
Conditions,  Altitudes,  and  Mach  Numbers 
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operating  corridor  so  these  conditions  (e.g.,  83°/65K/0.9  or 
83°/65K/2.5)  are  important  for  steady  state  scheduling  con- 
siderations . 

A similar  analysis  was  performed  on  engine  limits. 

Insight  into  important  transient  criteria  for  engine  protec- 
tion was  sought  since  those  points  which  operate  near  a 
limit  at  a particular  condition  should  have  regulator  gains 
designed  for  stiff  control  of  that  variable.  Figure  5.12 
shows  the  data  from  the  production  control  simulation  deck. 

The  results  indicate  that  FTIT  limits  set  engine  intermediate 
performance  about  Mn  ^ 0,9.  Fan  rotor  speed  limits  are 
approached  at  high  altitudes  and  Mach  numbers.  Compressor 
speed  limits  are  approached  at  low  altitudes  and  transonic 
Mach  numbers.  Maximum  burner  pressure  is  a design  point  for 
sea  level,  maximum  Mach  number  operation.  The  minimum  burner 
curves  indicate  that  idle  is  defined  by  this  limit  at  most 
operating  points.  The  engine  limit  and  component  stability 
results  were  utilized  with  the  preliminary  linear  models  to 
specify  a group  of  linearization  points  for  full  envelope 
operation. 

Figure  5.13  shows  the  operating  envelope  spanned  by  the 
chosen  set  of  linearization  points.  Table  5.4  lists  the  lin- 
ear models.  The  transient  operating  corridor  shown  in  Figure 
5.14  represents  the  region  where  modulation  of  engine  power  is 
not  constrained  by  either  burner  pressure,  airflow,  or  tempera- 
ture limitations.  Elsewhere,  engine  power  conditions  are 
limited  to  intermediate  throttle  at  constant  airflow. 

A description  of  the  linear  model  analysis  is  given 
below.  A complete  list  of  the  linearized  dynamics  is  given 
in  Ref.  1.  Appendix  D gives  a detailed  analysis  of  the  charac- 
teristics of  the  linear  models. 
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Figure  5.13  Relative  Operating  Point  Location  and  Significance 
Linear  Model  Generation  Schedule 


5.5,1  Linear  Model  Analysis 

Linear  models  were  analyzed  to  determine  the  important 
physical  interactions  occurring  in  the  engine  and  to  develop 
insight  into  the  various  effects  of  power  condition,  altitude, 
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Table  5.4 

Operating  Points  Chosen  for  Dynamic/Static  Analysis 


CODE 

POINT 

NO. 

— 

MACH 

NO. 

ALTITUDE 

FT. 

(000) 

PLA 

(DEG) 

COMMENTS 

Basic  Set 

1 

0 

0.0 

20 

2 

0 

0.0 

36 

3 

0 

0.0 

52 

/ Sea  Level  Static  Operating  Line 

4 

0 

0.0 

67 

5 

0 

0.0 

83 

) 

Group  I 

1 

0 

0.0 

24 

Additional  Unchoked  Model 

2 

0.9 

10.0 

83 

Performance  at  Max.  TT4 

3 

0.3 

20.0 

24 

PB  Lower  Limit 

4 

0.6 

10.0 

20 

Unchoked  Model  Behavior 

5 

0.6 

30.0 

24 

Unchoked  Model  Behavior 

Group  11 

6 

1.2 

0.0 

83 

Maximum  q,  PR,  Nl,  N2,  TT4 

7 

2.2 

40.0 

83 

TT3,  TT4  Limit,  Compressor  Stab. 

3 

0.9 

45.0 

130 

Low  Augmentor  Pressure 

9 

0.9 

65.0 

83 

Fan  Stability 

10 

2.5 

65.0 

130 

Maximum  Augmentation 

Extra  (E) 

1 

0.9 

10.0 

36 

2 

0.9 

10.0 

52 

1 

3 

4 

0.9 
n Q 

10.0 

10  0 

67 

33 

\Additional  Operating  Line 

5 

0.9 

3o!o 

36 

/ Data  for  Engine  Test 

6 

0.9 

30.0 

52 

1 

7 

0.9 

30.0 

67 

) 

Group  III 

1 

0.0 

0.0 

20 

Minor  Deck  Modification 

2 

0.0 

0.0 

20 

With  BLD/HPX  Extraction 

3 

0.0 

0.0 

83 

Minor  Deck  Modification 

4 

5 

0.9 
n Q 

10.0 

30  0 

20 

20 

1 Additional  Operating  Line 

6 

0.9 

3o!o 

83 

1 Data  for  Engine  Test 

Group  IV 

1 

0.9 

45.0 

83 

Rating  Point 

2 

0.9 

45.0 

52 

Altitude  Part  Power  Point 

3 

0.9 

45.0 

40 

Minimum  Burner  Pressure 

4 

1.8 

75.0 

83 

Low  Density,  Reynolds  Index 

S 

1.8 

20.0 

83 

Maximum  Nl,  TT3,  TT4 

6 

0.3 

20.0 

83 

Fan  Stability 

7 

1.8 

40.0 

83 

TT4  Limit,  Compressor  Stab. 

8 

2.5 

65.0 

83 

Compressor  Stability 

9 

2.15 

58.5 

83 

PT2,  TT2  Coverage 

and  Mach  number  on  the  character  of  the  transient  response. 
Initially,  the  linear  models  for  the  sea  level  static  operating 
line  were  used  to  investigate  the  effects  of  power  condition 
at  a single  flight  point.  Subsonic  operating  line  model 
response  was  related  to  the  behavior  at  sea  level  static. 
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Figure  5.14  Linear  Model  Generation  Points 


Various  supersonic  points  were  used  to  compute  the  time 
constants  of  the  engine  operating  at  these  conditions.  The 
details  of  the  evolution  of  the  linear  reduced  order  models 
are  described  in  Appendix  D.  The  net  result  was  a group  of 
design  models  for  control  synthesis.  The  models  contain  all 
the  dynamic  information  concerning  the  interaction  between 
states  and  inputs  to  design  practical  control  algorithms.  The 
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number  of  models  is  sufficient  to  handle  the  various  types 
of  response  exhibited  at  all  extremes  of  altitude  and  Mach 
number  encountered  in  engine  operation. 


5.5.2  Principal  Conclusions  of  Linear  Model  Analysis 

The  conclusions  concerning  the  important  dynamic  behavior 
of  the  FIDO  linear  models  are  summarized  below  (see  Appendix 
D): 

(1)  There  are  four  types  of  behavior  corresponding  to 
the  interaction  of  the  dynamics  and  three  principal 
states,  the  augmentor  pressure  and  two  spool  speeds. 

(2)  The  first  is  characterized  by  a complex  pair  involv- 
ing primarily  fan  speed  with  a real  root  correspond- 
ing to  compressor  speed  response.  This  mode  is 
dominant  at  high  power  levels  in  the  upper  portion 
of  the  transient  corridor. 

(3)  A fully  uncoupled  mode  corresponds  to  nearly  inde- 
pendent rotor  speed  lags.  It  is  dominant  at  inter- 
mediate power  levels  in  the  lower  portion  of  the 
transient  corridor. 

(4)  An  unchoked  model  corresponds  to  a slower  response 
compressor  lag  root.  This  behavior  is  important  at 
low  altitude,  power  level,  and  Mach  number  conditions. 

(5)  The  fourth  characteristic  model  consists  of  a complex 
rotor  speed  coupling.  This  mode  predominates  in 

the  lower  flight  envelope  at  lower  airflows. 

(6)  Supersonic  flight  point  response  does  not  consistent- 
ly correspond  to  pressure,  temperature  or  density 
correlation  with  subsonic  conditions.  In  general, 
coupling  terms  in  the  dynamics  are  different  func- 
tions of  ambient  conditions. 


A more  detailed  discussion  of  model  dynamics,  parameterization 
as  well  as  questions  of  identification  of  system  parameters 
from  real  data  is  presented  in  Ref.  36. 
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5.6  LINEAR  QUADRATIC  REGULATOR  DESIGNS 


5.6,1  Introduction 


The  linear  quadratic  regulator  uses  processed  sensor  data 
to  form  the  actuator  commands  (see  Figure  5.15).  It  uses 
simplified  state  feedback  gain  matrices  calculated  from  optimal 
theory.  The  regulator  function  alters  the  natural  system 
dynamics  to  satisfy  transient  criteria  and  control  acceptabil- 
ity guidelines.  Steady-state  trim  or  integral  control  is  pro- 
vided by  decoupled  logic  which  is  described  in  Section  5,8, 
Constant  coefficient  linear  models  are  used  to  represent  the 
behavior  within  regions  of  the  envelope.  The  resulting  control 
laws  are  parameterized  by  ambient  conditions  to  form  a continu- 
ous implementation. 

5.6.2  Selection  of  Design  and  Evaluation  Models 

The  results  of  the  linear  model  analysis  have  been  pre- 
sented in  Section  5.5.  Along  with  the  transient  control  cri- 
teria, these  are  used  in  the  development  of  design  models  to 
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Figure  5.15  Multivariable  Feedback  Control  Law 


201 


calculate  the  optimal  state  feedback  gain  matrices.  Design 
models  are  generated  from  the  high  order  linear  systems  using 
modal  reduction  described  in  Section  4,3.  This  method  allows 
important  dynamic  modes  to  be  retained  and  important,  measur- 
able quantities  included  as  state  variables  in  the  system. 
Evaluation  points  are  also  chosen  in  the  design  process  to 
verify  off-design  behavior. 

Design  models  were  obtained  from  the  high  order  models 
selected  on  the  basis  of  the  response  characteristics  discus- 
sed in  Section  5.5.  There  were  four  models  chosen  near  inter- 
mediate power.  The  conditions  chosen  were  45K/0.9,  30K/0,9, 
OK/0,  and  OK/1.2,  The  45K/0.9  point  represented  uncoupled 
response  in  the  lower  end  of  the  envelope.  This  model  is 
similar  to  the  65K/0.9  and  75K/1.8  points.  The  operating 
point  is  also  in  a region  of  hard  augmentor  lights  and  fan 
stability  sensitivity  to  augmentor  ignition.  The  30K/0.9 
model  represents  uncoupled  behavior  at  intermediate  power. 

This  is  a typical  cruise  point  in  an  aircraft  envelope.  The 
OK/0  condition  at  intermediate  power  is  in  the  central  portion 
of  the  transient  corridor.  Finally,  the  OK/1.2  point  lies  at 
the  top  of  the  transient  corridor  and  has  the  fastest  response 
Idle  power  models  are  chosen  at  OK/0  and  30K/0.9,  The  OK/0 
condition  represents  low  airflow,  unchoked  turbine  beliavior. 
Sensitive  surge  margin  response  is  typical.  At  30K/0.9,  the 
behavior  is  characterized  by  coupled  rotor  dynamics.  It  is 
important  to  accommodate  burner  pressure  undershoots  in  this 
region.  Also,  this  point  has  roughly  the  same  density  and 
airflow  as  several  supersonic  operating  conditions  considered. 
Idle  power  at  45K/0.9  and  OK/1.2  is  quite  close  to  the  inter- 
mediate power  level  because  of  burner  pressure  and  airflow 
constraints,  respectively.  These  were  not  used  in  the  design. 

V 

Off-design  evaluation  models  were  used  to  represent  the 
off-design,  closed-loop  response  of  the  regulator.  Three 
evaluation  models  were  chosen  in  the  supersonic  envelope.  Low 
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middle,  and  high  pressure  conditions  were  selected  at  75K/1.8, 
58.5K/2.15  and  40K/2.2,  respectively.  The  OK/1.2  feedback 
gains  were  used  at  the  40K/2.2  supersonic  point.  The  30K/0.9 
and  45K/0.9  gains  were  used  at  58.5K/2.15  and  75K/1.8, 
respectively.  Satisfactory  regulation  of  pressure  disturbances 
at  supersonic  conditions  can  be  attained  using  the  feedback 
matrices  at  the  six  subsonic  design  points.  This  simplifies 
the  implementation  and  scheduling  requirements  substantially. 

5.6.3  Design  Model  Structure  and  Performance  Indices 

The  design  points  were  discussed  in  the  preceding  section. 
Using  the  transient  controls  criteria  and  the  linear  model 
analysis,  one  can  choose  the  important  dynamics  and  states 
for  control  in  a state  feedback  law.  The  dynamic  response 
represented  in  the  linear  equations  has  been  analyzed.  The 
fundamental  thrust  response  is  determined  primarily  by  the 
three  principle  states.  The  remaining  13  eigenvalues  in  the 
16^-order  linear  models  were  eliminated.  A fourth  important 
dynamical  element  is  the  time  lag  of  the  servo  pump  regulating 
main  burner  fuel  flow.  The  0.1  second  time  constant  in  this 
actuator  produces  significant  effects  on  closed-loop  response 
at  higher  frequencies. 

The  analysis  indicated  that  the  two  rotor  speeds  and 
augmentor  pressure  represented  important  engine  dynamics  at 
each  flight  condition.  All  three  variables  are  measurable. 

These  three  quantities  are  sensed  by  high  response/high  accuracy 
probes  on  the  NASA  research  control  engine.  The  main  burner 
fuel  flow  is  chosen  as  a state  modeling  the  servo  pump  lag. 

It  would  have  been  possible  to  use  another  variable,  e.g., 

TT3  or  PT4,  as  a state  describing  this  behavior.  However,  a 
measurement  of  the  fuel  flow  is  provided  in  the  instrumenta- 
tion and  is  conveniently  included  in  the  state  equations. 
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The  four  states  provide  a complete  description  of  the 
response  suitable  for  design  purposes.  An  examination  of  the 
instrumentation  set  shows  that  all  high  accuracy/high  response 
gas  path  transducers  are  used  in  the  control  except  the  burner 
pressure  probe.  The  transient  requirements  specify  explicit 
limits  to  burner  pressure  overshoots  and  undershoots.  However, 
the  burner  pressure  flow  dynamics  have  a time  constant  always 
less  than  0.01  sec.  Therefore,  this  mode  is  equilibrated 
during  typical  transients  and  can  be  represented  as  a linear 
combination  of  the  chosen  state  variables  or,  alternatvely , as 
an  output. 

One  method  of  explicitly  including  the  probe  signal  into 
the  control  is  to  formulate  an  estimate  for  the  four  state 
variables  using  five  inputs,  namely,  N^,  N2,  PT6,  WFMB , and 
Pg.  This  implementation  utilizes  the  burner  pressure  measure- 
ment to  improve  the  accuracy  of  the  estimated  states.  The 
control  is  designed  to  produce  adequate  burner  pressure  response 
by  weighting  appropriate  linear  combinations  of  N^,  N2,  PT6 
and  WFMB  in  the  performance  index.  This  method  is  discussed 
in  Chapter  IV.  However,  the  state  variable  measurements  are 
accurate  enough  to  be  used  without  extensive  filtering  and  an 
alternative  is  attractive  to  remove  further  explicit  dependence 
of  the  control  on  the  linear  models  through  a filter  algorithm. 

The  burner  pressure  probe  signal  can  be  included  in  the 
control  law  and  the  performance  index  explicitly  if  the  high 
frequency  dynamics  are  included  in  the  design.  In  this  way, 
the  design  model  has  five  states  and  only  four  dominant 
response  time  constants.  The  state  weightings  explicitly 
include  burner  pressure  with  an  adjustable  design  parameter. 

As  shown  in  Chapter  III,  when  a spectrally  decoupled  model  is 
used  in  optimal  quadratic  synthesis,  the  following  occurs: 

(1)  weighting  the  "slow"  response  states  does  not  affect  the 
high  response  root,  (2)  weighting  the  high  response  state 
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acts  like  an  output  weighting  on  the  slow  response  roots, 
and  (3)  the  effect  of  high  response  state  weighting  on  the 
high  response  root  increases  its  closed-loop  frequency  and 
maintains  spectral  decoupling  from  the  lower  frequencies. 
Based  on  these  results,  burner  pressure  is  included  along 
with  its  large  eigenvalue  in  the  design  model. 

Once  the  design  models  are  calculated  and  the  important 
operating  points  specified,  selection  of  the  performance 
index  is  quite  straightforward.  The  state  weighting  per- 
formance index  is  shown  below: 


• if  [Ah6n2.A226n2*A33(6PT6)2*a,^(5K(,)2 

o 

+ ^ B33(6CIVV)^ 

+ B^^CbRCVV)^  + BjjCbBLO^j  dt  (5.1) 

When  the  state  equations  are  normalized  by  typical  small 
perturbation  response  magnitudes,  the  state  weighting  parameters 
become  nondimensional  fractions  and  can  easily  be  manipulated 
during  the  design  procedure.  The  initial  guess  for  state 
weighting  becomes  the  following: 


The  linear  perturbation  response  and  eigensystem  of  the  closed- 
loop  behavior  is  calculated  for  each  design  model.  The  para- 
meters are  adjusted  reflecting  the  results  of  each  iteration 
and  the  cycle  repeats  until  an  acceptable  response  is  obtained. 
The  results  of  the  regulator  designs  and  state  weighting  are 
summarized  in  Appendix  E. 
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Adjustments  to  the  weights  follow  from  linear  simulation, 
sensitivity  calculations  of  closed-loop  dynamics,  and  an  intui- 
tive understanding  of  the  model  response  (see  Chapter  III). 

5.6.4  Results  of  the  Regulator  Design 

The  design  model  structure,  performance  index,  and  transi- 
ent control  criteria  were  discussed  above.  Weighting  elements 
were  chosen  for  each  design  model  to  produce  acceptable 
response  to  small  perturbations  vis-a-vis  the  control  criteria. 
The  resulting  closed-loop  systems  are  shown  in  Figure  5.16  and 
discussed  below  for  each  design  point.  The  relative  closed- 
loop  weights  are  shown  in  Figure  5.17. 

At  45K/0.9,  the  two  important  transient  criteria  are 
augmentor  and  burner  pressure  control.  The  feedback  has 
approximately  doubled  the  compressor  speed  response  (see  Fig- 
ure 5.16  and  Appendix  E)  and  increased  fan  response  by  about 
50%.  The  augmentor  pressure  root  is  coupled  lightly  with  fuel 
flow.  The  feedback  terms  on  PT6M  and  cause  the  actuators 

D 

to  respond  satisfactorily  to  augmentor  disturbances  and  burner 
pressure  transients. 

At  30K/0.9  there  are  design  models  at  intermediate  and 
idle  power.  At  intermediate,  the  engine  is  not  pressure  or 
temperature  limited.  At  idle  power,  the  engine  operates  at 
minimum  burner  pressure.  The  intermediate  system  shows  about 
a 50%  increase  in  response  time.  The  idle  power  design  point 
exhibited  open- loop  rotor  coupled  response  at  a natural  fre- 
quency and  damping  ratio  of  1.3  rad/sec  and  0.95,  respectively. 
The  closed-loop  roots  have  roughly  twice  the  frequency  response 
at  the  same  damping. 

There  are  also  two  design  models  at  sea  level  static 
conditions.  At  intermediate  power,  temperature  limiting  is 
important  and  at  idle,  surge  protection  is  a factor.  Adequate 
verification  of  the  idle  design  requires  nonlinear  simulation. 
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Figure  5.16  Open-  and  Closed-Loop  Root  Locations  for 
Six  Design  Points  from  LQR  Synthesis 


Figure  5.17  Normalized  Linear  Quadratic  Regulator  Weights, 

Intermediate  Power 


The  closed-loop  complex  roots  at  intermediate  power  are 
roughly  50%  faster  while  the  rotor  speed  response  increases 
by  about  2.5  times.  At  idle,  the  high  rotor  speed  response 
is  increased  from  0.8  rad/sec  to  1.9  rad/sec.  The  fan  rotor 
root  is  slightly  faster  but  more  heavily  damped.  This  system 
exhibited  satisfactory  surge  behavior  during  accelerations 
from  idle. 

The  regulators  are  selected  to  satisfy  control  criteria 
on  the  small  perturbation  transient  response.  The  gain 
matrices  are  also  used  to  calculate  the  closed-loop  response 


at  evaluation  points  to  partially  assess  the  off-design  per- 
formance. The  verification  cycle  is  shown  in  Table  5.5. 

There  is  a single  design  point  at  OK/1.2  representing 
intermediate  power.  The  system  operates  near  maximum  burner 
pressure  and  turbine  inlet  temperature.  The  open- loop  complex 
root  has  a damping  ratio  near  0.85.  The  compressor  root  is  at 
5 rad/sec.  The  closed-loop  system  has  two  complex  roots.  The 
faster  complex  pair  comes  from  the  original  complex  root  at 
a higher  damping  and  about  50%  faster  response.  The  root 
at  9 rad/sec  and  a damping  ratio  of  0.93  is  associated  with 


Table  5.5 

Typical  Multivariable  Design  Cycle 

(This  table  shows  the  effect  of  model  reductions  and  state 
variable  feedback  design  on  the  eigenvalues  of  a 
perturbed  and  unperturbed  linear  model  at  sea  level 
static,  idle  power  condition) 
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a coupling  between  the  compressor  lag  and  the  servo  pump  lag. 
The  response  time  shows  a 50%  improvement. 

The  regulator  designs  consistently  showed  improved 
response  to  the  limits  of  actuator  capability.  Transient 
control  criteria  were  met  without  unacceptable  sensitivity 
to  either  sensor  inputs  or  model  parameters.  The  reduction 
of  the  state  feedback  matrices,  verification  on  the  full  order 
linear  system,  and  implementation  as  continuous  gain  schedules 
throughout  the  envelope  are  discussed  in  the  next  section. 

5.7  DEVELOPMENT  OF  REGULATOR  GAIN  SCHEDULES 

5.7.1  Introduction 

The  development  of  linear  quadratic  regulators  for  a 
group  of  design  models  has  been  described.  The  gain  matrices 
designed  at  intermediate  power  conditions  were  used  to  deter- 
mine closed-loop  response  at  the  supersonic  evaluation  points. 
These  show  acceptable  dynamic  behavior  and  the  results  are 
included  in  Appendix  E.  The  next  step  in  the  synthesis  is 
to  utilize  the  linear  analysis  results  to  schedule  the  gain 
elements  at  each  design  point  on  ambient  and  power  conditions 
(see  Figure  5.18).  The  scheduled  gains  are  then  evaluated  on 
the  full  order  models  to  investigate  the  effect  of  gain  matrix 
simplification  and  scheduling.  Additional  data  is  contained 
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Figure  5.18  Gain  Schedule 
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in  Appendix  F.  A discussion  of  the  theoretical  foundation  of 
the  procedures  can  be  found  in  Section  4.4. 

5.7.2  Simplification  of  Feedback  Matrices 

The  feedback  gains  calculated  during  the  regulator  syn- 
thesis are  all  non-zero.  For  each  design  model,  a gain  matrix 
contains  25  elements.  Because  of  the  model  and  type  of  closed- 
loop  response  specified,  a group  of  these  gain  elements  can  be 
eliminated  without  adversely  affecting  the  response.  These 
elements  are  determined  by  the  sensitivity  of  closed-loop  pole 
locations  to  feedback  gains.  Examples  of  such  calculation  are 
included  in  Appendix  F. 

The  sensitivity  calwuiations  for  each  of  the  six  design 
points  can  be  used  in  two  ways.  First,  those  elements  which 
do  not  affect  the  response  at  any  of  the  six  points  can  be 
eliminated  from  the  control  completely.  This  reduces  control 
processor  storage  and  cycle  time  requirements.  Table  5.6  shows 
the  gain  matrix  after  elimination  of  these  elements. 

The  sensitivity  calculations  show  9 of  the  25  gain  ele- 
ments can  be  removed  without  significant  impact  on  the  closed- 
loop  response.  An  additional  eight  elements  showed  low  sensi- 
tivity at  one  or  more  design  points.  These  elements  were 
averaged  over  the  ambient  conditions.  The  gain  element  becomes 
a constant  value  or  a value  dependent  only  on  one  scheduling 
parameter.  The  remaining  eight  gains  required  scheduling  as 
a function  of  both  the  ambient  conditions  and  power  level. 

5.7.3  Scheduling  Parameter  Development 

The  sensitivity  analysis  indicated  the  relative  import- 
ance of  each  gain.  The  linear  model  analysis  gives  the  design- 
er an  understanding  of  the  dependence  of  the  response  on 
various  ambient  and  power  variables.  These  two  aspects  can 
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Table  5.6 


Regulator  Feedback  Gain  Matrix  Structure 
After  Reduction 
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be  used  to  select  interpolation  parameters  used  in  gain  sched- 
uling at  off-design  conditions.  Formal  procedures  are  discus- 
sed in  Section  4.4.  In  the  FIDO  engine,  the  characteristic 
modes  of  the  linear  models  were  used  to  deduce  scheduling 
variables  for  the  gain  elements. 

Transition  from  one  power  level  to  another  which  resulted 
in  a change  of  the  model  characteristics  occurred  at  the 
30K/0.9  and  OK/0  design  points.  At  sea  level  static,  the 
change  was  correlated  with  the  occurrence  of  a choked  flow 
condition  of  the  low  pressure  turbine  and  exhaust  nozzle  in 
the  20°-28°  PLA  region.  At  30K/0.9,  the  transition  from 
uncoupled  to  coupled  spool  behavior  occurred  in  the  region  of 
42°-67°  PLA.  These  observations  were  used  to  select  a sched- 
uling parameter  for  power  excursions.  The  parameter  had  the 
characteristics  shown  in  Figure  5.19.  It  indicates  the  current 
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POWER  SCHEDULING  PARAMETER 


Figure  5.19  Gain  Schedule  Function,  for  Power  Level 


power  state  of  the  engine.  For  small  transitions  at  high  or 
low  power,  the  feedback  gains  are  constant.  During  middle 
power  transition,  the  gains  are  scheduled  between  the  high 
power  and  low  power  values  using  a linear  interpolation  pro- 
cedure as  follows: 

^ fc.  1 a 0 < a < 1 (5.2) 

ij  L iJJhp  L ijJlp 

28°  < PLA  < 67° 

The  interpolation  requires  scheduling  between  two  idle 
and  four  intermediate  power  gain  points.  Engine  face  density 
was  chosen  as  the  ambient  scheduling  parameter.  Points  at  a 
lower  density  than  the  45K/0,9  (e.g.,  65K/0.9  and  75K/1.8)  had 
satisfactory  closed-loop  response  using  the  45K/0.9  gains. 

The  supersonic  evaluation  points  indicated  that  the  density 
parameter  interpolation  would  yield  acceptable  behavior  at  all 
flight  conditions.  Scheduling  of  several  regulator  gain  ele- 
ments is  shown  in  Figure  5.20.  A detailed  gain  schedule  list- 
ing is  included  in  Appendix  F. 
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5.7.4  Verification  of  Scheduled  Response 

The  gain  schedules  are  developed  for  off-design  point 
operation.  Closed-loop  response  with  the  scheduled  feedback 
gains  can  be  evaluated  using  the  16_^-order  linear  models. 
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The  resulting  closed-loop  eigensystem  should  represent  behavior 
which  is  acceptable  according  to  the  transient  requirements  at 
the  operating  point.  A typical  design  evaluation  for  superson- 
ic, off-design  conditions  is  shown  in  Figure  5.21.  Several 
examples  of  off-design  linear  model  data  are  included  in  Appen- 
dix E.  Linear  simulation  techniques  are  used  in  addition  to 
this  verification  procedure.  It  was  found,  however,  that  the 
system  response  was  best  evaluated  on  a detailed  nonlinear 
digital  or  hybrid  simulation  (see  Figure  5.22).  In  this  way, 
a complete  representation  of  the  engine,  sensors  and  actuators 
was  included.  The  design  cycle  is  flexible  enough  to  accommo- 
date changes  dictated  by  unsatisfactory  performance  found  in 
the  simulation  phase.  The  hybrid  and  digital  evaluation  points 
are  shown  in  Table  5.7.  The  results  of  these  evaluations  are 
discussed  in  Chapter  VI. 

5.8  INTEGRAL  CONTROL  DESIGN 

5.8.1  Introduction 


The  theoretical  foundations  of  decoupled  integral  control 
are  presented  in  Chapter  III.  The  application  to  the  FlOO 
engine  is  presented  in  Section  4.4.  In  this  section,  the 
details  of  the  design  and  incorporation  into  the  control  sys- 
tem are  presented  (see  Figure  5.23). 

In  the  preceding  sections,  the  development  of  a reference 
point  scheduling  algorithm  was  presented.  The  practical 
considerations  in  designing  a locally  linear  regulator  for  full 
envelope  operation  was  described.  The  steady-state  performance 
of  the  engine  is  controlled  by  two  independent  quantities  at 
each  ambient/power  condition.  Three  controls  are  scheduled 
in  steady-state.  The  reference  point  schedules  produce  five 
control  and  five  state  values  to  generate  the  regulator  error. 
Because  of  the  approximations  in  the  scheduling  algorithm  and 
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• CLOSED-LOOP  POLES 


58.5K/2.15 


40K/2.2 


Figure  5.21  Dominant  Open-  and  Closed-Loop  Regulator  Poles 
at  Three  Supersonic  Evaluation  Points  Using  Gains 
Scheduled  from  Subsonic  Design  Models  and  Calculated 
on  16th-0rder  Linear  Systems  at  the  Three  Conditions 
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Figure  5.22  Rotor  Speed  Error  Signal  Response  to  Small 
Perturbation  (APLA  = +3°)  Step  Input  at  Three  Flight 
Conditions  from  Nonlinear  Digital  Evaluation 
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Figure  5.23  Integral  Trim  Logic 


engine- to-engine  variation  and  aging  effects,  the  ten  quanti- 
ties specified  will  not  represent  an  exact  engine  equilibrium 
With  the  proportional  regulator,  this  reference  mismatch  will 
cause  the  resulting  steady-state  to  "hang-off"  at  a point 
determined  by  the  feedback  gains.  Such  "hang-off"  could  be 
small  but  none  is  allowed  by  the  control  criteria.  Thrust 
sensitivity  to  airflow  and  rotor  speed  errors  tends  to  be 
large,  e.g.,  1%  thrust  change  will  be  caused  by  only  a 20  RPM 
shift  in  fan  speed  at  many  operating  conditions.  In  order  to 
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obtain  acceptable  performance,  trim  integrations  are  required 
on  a subset  of  the  reference  vector. 


5.8.2  Set  Point  Vector  Specification 

The  theory  of  the  variable  set  point,  decoupled  design 
procedure  is  discussed  in  Chapters  III  and  IV.  The  set  point 
vector  for  the  FIDO  is  shown  in  Table  5.8.  The  criterion  for 
steady-state  performance  is  stated  as  follows.  The  bleed  valve 
should  be  closed.  The  vanes  should  be  on  hardware  schedules 
(functions  of  rotor  speeds  and  temperatures)  and  the  remaining 
two'  degrees  of  freedom  used  to  match  performance  specified  by 
the  production  control. 

The  three  scheduled  actuators  are  provided  with  decoupled 
integral  loops.  The  time  constant  for  the  integral  poles  is 
set  at  1 rad/sec.  Switching  logic  for  these  error  signals  is 
activated  when  the  actuator  is  driven  to  a limit.  For  example, 
if  the  error  signal  or  scheduled  reference  for  the  CIVV  drives 


Table  5.8 

Integral  Set  Point  Vector  Specification 


it  to  a stop,  authority  limit  (+6°),  or  flutter  boundary,  it 
is  limited  and  the  integration  is  held.  A test  on  the  inte- 
grator error  signal  is  made  during  each  cycle.  If  the  error 
signal  has  the  appropriate  sign  to  unlimit  the  command,  the 
integration  is  resumed.  In  this  way,  switching  during  actuator 
saturation  is  accomplished  without  integrator  windup  or  un- 
acceptable transients.  Figures  5.24  and  5.25  show  the  imple- 
mentation of  this  logic.  A dead-zone  on  the  integrator  input 
is  required  of  the  actuator  hysteresis  width  to  prevent  wander 
or  "hunting.”  An  example  of  an  actuator  switch  in  saturation 
is  shown  in  Figure  5.26.  The  small  dead  zone  in  the  RCVV 
system  causes  a variation  in  intermediate  thrust  which  violates 
the  accuracy,  repeatability  and  stability  requirements  of  the 
control  criteria.  To  eliminate  this,  the  geometry  schedules 
are  extended  above  the  physical  stops  to  drive  the  vanes  and 
stators  to  their  scheduled  values  (typically  full  axial)  in  the 
presence  of  the  hysteresis  and  dead-zone  at  intermediate  power. 
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Figure  5.24  Implementation  of  Integral  Trim  - Overview 
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Figure  5.25  Priority  Select  Logic  and  Dead  Zone  in  Integral 

Control  Algorithm 


Since  the  geometry  and  bleed  trims  have  uncoupled  loops, 
the  remaining  two  degrees  of  trim  freedom  determine  the  choic 
of  fuel  flow  and  jet  area.  The  input  to  the  trim  system  is 
dependent  upon  the  flight  and  power  condition.  The  trim  quan- 
tities are  chosen  to  provide  accurate  performance  in  the 
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Figure  5.26  Cyclic  PLA  Response  Shows  Nozzle  Moving  In  and  Out 
of  Saturation  (At  the  end  of  input  sequence,  jet  area  unsatur- 
ates to  trim  engine  match  point,  sea  level  static  conditions 
from  nonlinear  digital  simulation) 


presence  of  modeling  uncertainties,  sensor  errors,  engine-to- 
engine  variation  and  deterioration.  They  are  also  chosen  for 
engine  limit  protection.  Finally,  trim  quantities  are  chosen 
to  provide  acceptable  saturated  actuator  behavior.  This  con- 
cept will  be  discussed  below. 
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An  additional  logical  element  is  used  in  the  trim  control. 
During  large  power  level  transients,  the  engine  is  not  near  a 
trim  condition.  A logical  flag,  MTRAN,  generated  in  the 
transition  control  (see  Figure  5.25)  indicates  when  the  engine 
is  undergoing  a large  motion.  This  flag  inhibits  integral 
trim  action  until  the  engine  is  in  the  neighborhood  of  a trim 
point  as  indicated  by  MTRAN  acquiring  the  false  condition. 

An  exception  to  this  logic  occurs  if  there  is  a measured  or 
anticipated  limit  overshoot.  In  this  case,  the  fuel  flow 
integrator  is  allowed  to  trim  back  from  the  limit  as  an  addi- 
tional component  of  the  control  law. 

At  of f- intermediate  power,  the  engine  usually  operates 
away  from  temperature  and  pressure  limits.  Fuel  flow  and  jet 
area  must  be  adjusted  to  give  the  desired  thrust  at  acceptable 
fuel  consumption  and  airflow  values.  This  defines  a locus  of 
operating  points  on  the  fan  and  compressor  map.  For  a given 
thrust,  there  is  a unique  operating  point  for  optimum  per- 
formance. Locating  match  points  on  the  compressor  and  fan 
maps  represent  four  degrees  of  freedom.  It  is  only  possible 
to  specify  two  of  these  with  fuel  flow  and  jet  area.  Thus, 
there  are  several  possibilities  for  setting  performance  in 
these  regimes. 

One  set  of  trim  variables  contains  the  two  spool  speeds. 
This  choice  is  attractive  for  instrumentation  considerations 
because  the  rotor  speed  measurements  are  the  most  accurate 
transduced  signals  in  the  engine.  It  would  be  possible  to 
set  the  performance  of  the  engine  by  specifying  the  rotor 
speeds  independently  and  using  jet  area  and  fuel  flow  to  match 
these  two  quantities.  Fixing  the  rotor  speeds  still  allows 
match  point  movement  along  constant  speed  lines  on  the  fan  and 
compressor  map.  The  match  point  on  the  fan  is  deduced  from 
rotor  speeds  and  an  inferred  equilibrium  model  of  the  thermo- 
dynamic cycle.  Effects  such  as  deterioration,  power  extrac- 
tions, and  bleed  flow  will  degrade  the  model  and  cause  the 
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match  to  change  with  corresponding  shifts  in  performance.  A 
practical  variation  of  this  concept  will  be  discussed  below. 

Alternately,  quantities  determining  the  fan  match  point 
can  be  specified.  Two  independent  quantities  which  determine 
the  fan  performance  are  chosen.  Fixing  the  fan  match  point 
causes  the  compressor  match  to  float,  i.e.,  the  compressor 
speed  and  core  airflow  are  determined  by  thermodynamic  equi- 
librium. No  inferred  model  is  necessary  in  this  procedure 
because  measured  quantities  set  the  fan  trim  point  exactly. 
This  approach  is  also  attractive  because  the  compressor  oper- 
ates in  a much  lower  speed  range  and  variations  of  the  com- 
pressor operating  point  tend  to  be  small.  With  small  varia- 
tions, the  compressor  is  less  likely  to  operate  far  from  its 
high  efficiency  design  point. 


Choice  of  direct  match  point  measurements  is  determined 
by  sensitivity,  accuracy,  and  equipment  reliability.  One 
variable  will  be  the  fan  speed  itself.  The  second  trim  vari- 
able has  been  the  subject  of  much  discussion  within  the 
industry.  This  measurement  reflects  the  fan  loading  at  a par 
ticular  speed  and  thus  is  a pressure  or  flow  quantity.  Pres- 
sure measurements  tend  to  reflect  distortion  due  to  inlet  air 
nonhomogeneity,  wakes  and  other  effects  caused  by  mechanical 
projections  in  the  flow  path.  Three  variables  are  presently 
considered.  These  are  fan  pressure  ratio,  fan  exit  pressure 
ratio  and  engine  pressure  ratio.  Fan  pressure  ratio  tends  to 
suffer  from  non-uniform  radial  and  circumferential  distortion 
at  the  engine  face.  Also,  lines  of  constant  pressure  ratio 
tend  to  lie  at  an  angle  to  the  desired  operating  line.  This 
causes  a lack  of  precision  in  specifying  the  match  point  [29] 

Fan  average  delta  pressure  ratio  is  defined  as  follows; 
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where  circumferentially  averaged  core  stream  and  tip  stream 
measurements  are  radially  summed.  This  parameter  is  insensi- 
tive to  bypass  ratio  effects  but  it  requires  multiple  probe 
locations  and  signal  processing  to  derive  the  measurement. 

Lines  of  constant  Ap/p  lie  nearly  parallel  to  the  desired 
fan  operating  line.  Operating  line  shifts  due  to  altitude  and 
Mach  number  effects  can  be  easily  scheduled.  Also,  distortion 
effects  are  theoretically  averaged  due  to  the  fan,  resulting 
in  less  sensitivity  than  obtained  with  measurements  at  the 
engine  face.  Engine  pressure  ratio  is  much  like  fan  pressure 
ratio.  High  accuracy  is  needed  to  specify  the  schedule.  It 
has  the  advantage  of  using  the  augmentor  pressure  signal  which 
is  less  sensitive  to  flow  effects  than  fan  discharge  pressure. 
The  problem  of  accurate  installed  engine  face  pressure  measure- 
ment remains,  however. 

For  the  FIDO  control,  the  averaged  fan  Ap/p  parameter 
was  chosen  along  with  low  rotor  speed  to  trim  the  engine. 
Deterioration  and  installation  effects  were  evaluated  using 
the  digital  simulation.  Measurement  errors  in  the  Ap/p 
probes  were  evaluated  using  worst  case  thrust  shifts.  The 
results  of  this  evaluation  are  presented  in  Chapter  VI. 

In  unlimited  engine  operation,  the  fuel  flow  and  nozzle 
area  are  used  to  trim  the  fan  speed  and  scheduled  Ap/p  to 
obtain  adequate  performance.  When  an  engine  quantity  reaches 
a structural  limit  or  when  an  actuator  reaches  a saturation 
limit,  the  set  point  must  be  modified.  The  results  of  the  set 
point  switching  algorithm  are  discussed  below.  Figure  5.27 
illustrates  set  point  switching  caused  by  unsaturating  the 
CIVV's  and  RCW's. 

When  the  jet  area  reaches  its  lower  limit,  the  fan  match 
print  can  no  longer  be  maintained.  In  this  case,  the  jet 
area  integrator  is  held  and  the  Ap/p  error  term  is  elimin- 
ated from  the  control  law  as  illustrated  in  Figure  5.26. 
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Figure  5,27  An  Example  of  Integral  Trim  Accommodation  of 
Control  Saturation  During  a Step  Power  Lever  Response. 
Geometry  Integrators  Release  When  Controls  Unsaturate  and 
Trim  to  New  Steady-State  Condition  (Acceleration  at  sea 
level  static  conditions  from  nonlinear  digital  simulation) 


When  jet  area  is  saturated  at  the  closed  stop,  the  fan  match 
tends  to  move  down  a constant  speed  line  and  away  from  surge. 
When  the  Ap/p  error  term  changes  sign  so  that  the  actuator 
will  move  out  of  saturation,  the  integration  is  continued. 

A set  point  switch  also  occurs  when  the  required  fuel  flow 
exceeds  the  pump  limits.  In  this  case,  integrators  are  held 
during  large  transients  to  eliminate  tracking  of  large  error 
terms.  An  example  of  fuel  flow  integrator  switching  is  shown 
in  Figure  5.28. 

The  engine  operates  at  the  fan  turbine  inlet  temperature 
(FTIT)  limit  at  many  of  the  intermediate  power  points  through- 
out the  envelope.  When  FTIT  is  at  its  maximum,  the  trim  point 
is  controlled  by  Ap/p  and  FTIT  error  terms.  Movement  on  the 
fan  map  in  such  a situation  is  along  lines  of  constant  Ap/p. 
The  operating  line  is  nearly  along  a constant  Ap/p  and  no 
logic  modification  or  switch  is  necessary  between  limited  and 
unlimited  operation.  Using  pressure  ratio  or  compressor  speed 
trims,  movement  would  not  be  in  this  direction.  As  a result. 


226 


Figure  5.28  Example  of  Fuel  Flow  Integrator  Switching  During 
Cyclic  PLA  Input  at  Sea  Level  Static 


these  trim  schemes  require  a separate  schedule  to  handle  match 
point  migration  under  limited  conditions.  The  rotor  speed 
match  uses  a schedule  representing  the  nominal  fan  operating 
line  parameterized  by  fan  speed  as  a function  of  high  rotor 
speed.  This  procedure  requires  further  complexity  to  accom- 
modate altitude  effects  and  the  degradation  in  spool  match  due 
to  installation  and  deterioration.  Similar  results  are  obtain- 
ed for  pressure  ratio  trim.  A comparison  of  the  effect  of 
deterioration  and  installation  on  performance  is  presented  in 
Chapter  VI. 
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Trim  switching  logic  at  points  operating  at  maximum  or 
minimum  burner  pressure  are  treated  in  the  same  manner  as 
overtemperatures.  It  was  observed  that  assigning  the  FTIT 
limit  highest  priority  in  the  switching  logic  never  produced 
situations  where  burner  pressure  ran  above  its  maximum  limit. 

In  summary,  the  set  point  vector  specification  is  described 
as  follows.  The  trim  point  is  set  with  a closed  bleed  valve 
and  scheduled  fan  and  compressor  geometry.  Scheduled  fan  exit 
Ap/p  and  one  of  the  following  variables- -scheduled  fan  speed, 
maximum  FTIT,  maximum  or  minimum  burner  pressure- -are  held  at 
their  schedules  by  trim  integrators.  Transient  or  steady- 
state  control  saturation  is  accommodated  by  holding  the  inte- 
grator output  and  eliminating  the  corresponding  error  term 
shown  in  Figure  5.29  from  the  control  law.  When  the  error 
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Figure  5.29  Multivariable  Controller  Feedback  Gain  Matrix 
Structure  Containing  Regulator  and  Variable  Set  Point 
Integral  Trim  Terms 
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term  takes  the  correct  sign  to  unsaturate  the  actuator,  the 
integration  is  resumed. 

5.8,3  Integral  Control  Design  Method 

The  procedure  for  deriving  integral  trim  gains  from  the 
locally  linear  control  designs  is  described  in  Chapter  IV. 
Specific  design  results  are  presented  in  Appendix  G.  The 
design  method  and  application  to  the  FlOO  is  described  below. 

The  design  procedure  was  used  to  synthesize  coupled 
trim  controls  for  fuel  flow  and  exhaust  nozzle  area.  The 
three  uncoupled  integral  loops  on  the  CIVV,  RCVV , and  bleed 
schedules  were  designed  separately;  however,  the  dynamics 
of  the  complete  system  had  to  be  included  in  the  evaluation 
because  of  inherent  interactions  of  all  integrations. 

Design  points  for  the  integral  trim  system  were  the  same 
as  the  regulator.  This  provided  a convenient  implementation 
advantage  because  the  feedback  gain  matrix  could  be  scheduled 
along  with  the  LQR  state  feedbacks.  The  structure  of  the  feed- 
back gain  matrix  is  shown  in  Figure  5,29.  The  columns  feeding 
back  the  integrated  Ap/p,  N^,  FTIT,  *^^B^min 

signals  to  the  fuel  flow  and  nozzle  area  were  designed  using 
the  procedure  described  in  Chapter  IV, 

The  variable  structure  allows  one  column  (or  error  signal) 
to  be  switched  into  the  trim  system.  In  this  case,  the  Ap/p 
feedback  term  always  remains  in  the  design  and  one  of  the  four 
remaining  terms  is  included  in  the  feedback  law.  The  structure 
of  the  system  for  design  purposes  is  shown  below: 


^ bj  = Ap/p  - (^P/P)s(.h  " ^^P/P 
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at 


Ni  - (N^)3,h  = 

FTIT  - (FTIT)g^j^  = 6FTIT 

Fb  * *^^B^max  " ^^Bmax 

^B  ■ *^^B^min  ^ ^^Bmin 


Switched 
by  limiting 
logic 


For  each  choice  of  b2,  the  trim  dynamics  can  be  written  as 
follows : 


II 

^11 

^12' 

'^11 

■r 

'"12 

-^2- 

^ ^21 

®22- 

,^21 

c 

^22J 

- ^2- 

where  is  a feedback  gain  element  and  g^j  represents  an 

element  of  the  closed-loop  gain  from  the  error  term  to  the  con- 
trol with  the  LQR  regulator  active,  or,  for  example. 


6Ap/p 

6N, 


’ll 

’21 


’12 

’22 


6W^ 

6A. 

1 

where  6W^  and  represent  perturbations  away  from  the 

scheduled  equilibrium. 


The  trim  system  dynamics  matrix  is  defined  as  follows: 


F = 


^11^11  ^12*^21  ®11"12  ■ «12"22 


1 7 7^- 


_^2l‘^ll  ^22^21  ^21^12  ^22^^22 


The  following  observations  can  be  made.  If  the  dynamics  matrix 
is  forced  to  be  lower  triangular,  i.e.. 


^11^12  ^ ^12^^22 
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then  the  eigenvalues  of  the  trim  system  can  be  written  as 
f ol lows : 


^1  " ^11^11  ^12^21 

^2  " ^21^12  ^22^22 

The  first  eigenvalue  is  independent  of  the  elements  of  the 
second  column  of  the  gain  matrix  and  first  row  of  the  g 
matrix.  It  follows  for  any  feedback  in  the  second  position  and 
the  associated  gain  matrix  satisfying  the  triangularity  condi- 
tion that  the  gains  for  the  first  position  are  independent  of 
the  second.  The  assignment  of  b2  to  a particular  error  term 
requires  satisfaction  of  the  triangularity  condition  for  each 
column  of  C and  row  of  g.  These  columns  can  be  switched  into 
the  system  while  maintaining  the  same  system  response  dynamics. 

The  design  procedure  is  sequential.  First,  the  Ap/p 
trim  system  is  calculated.  This  fixes  ^21’  ^11’ 

and  g]^2‘  "Then,  for  each  possible  trim  error  term,  the 
appropriate  steady-state  gains  are  calculated  for  the  second 
row  of  g and  the  feedoack  gains  for  the  second  column  of  C 
are  derived.  The  formulas  for  this  procedure  are  shown  below. 

For  the  Ap/p  system,  the  trim  dynamics  are  not  sufficient 
to  fix  the  gains  uniquely.  An  optimal  system  with  respect  to 
the  cost  function  shown  below  can  be  calculated  (as  presented 
in  Chapter  III)  : 

COST:  " I I [b^  + B^(6WFMB)^  + B2(6Aj)]^dt 

SYSTEM:  6^  = g^^SWFMB  + 
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FEEDBACK* : 


6WFMB  = 


6 A 


J 


1 


CONSTRAINT:  ] 

§11^11  " § 

12‘“21  ~ ^1  given 

SOLUTION: 

^11 

= S 

l/B^  0 

§11 

*^21 

0 1/B2 

§12  - 

S 


~1  2~ 
^11  ^ §12 
B T B T 


In  general, 

- 1 T 
C = SB  ^ g‘ 


S 


g 


The  trim  root,  , is  chosen  to  repreesnt  suitably  fast  trim 
(e.g.,  as  specified  in  the  control  criteria).  B^^  and  B2 
weight  the  relative  effort  used  by  the  fuel  flow  and  jet  area 
in  trimming  Ap/p  errors. 

Once  Cjj  and  C22  calculated,  each  possible  set 

point  quantity  is  used  in  the  calculation  of  a column  of  the 
feedback  matrix  as  follows; 


Note  that  another  actuator  input,  e.g.,  6CIW,  can  be  included 
at  this  point  without  affecting  the  variable  set  point  struc- 
ture in  the  following. 
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*^12 

II 

®21 

§22 

-1 

^2 

^22  ^ 

^^11 

®12_ 

0 

In  this  case,  the  gains  are  completely  determined.  The  time 
constant,  is  chosen  for  suitably  fast  trim  while  keeping 

the  decoupled  character  of  the  overall  system.  The  procedure 
is  a special  case  of  a general  result.  For  higher  order 
systems,  a variation  on  the  optimal  design  is  required  as 
presented  in  Chapter  III. 

The  decoupled  assumptions  must  be  checked  to  assure 
stable  behavior  of  the  full  system.  This  validation  is  pro- 
vided initially  by  calculation  of  the  full  (16th)  order 
closed-loop  linear  system  response  with  five  integral  gains 
and  the  LQR  regulator  feedback.  Unacceptable  results  are 
corrected  by  iteration  in  the  design  cycle.  Such  an  evalua- 
tion is  shown  in  Appendix  G. 

5.8.4  Summary 

Integral  trims  are  provided  to  satisfy  steady-state 
control  criteria  and  accommodate  engine  operating  limits  in 
the  presence  of  aging,  build  differences  and  disturbances. 

The  trim  requirements  vary  over  the  flight/power  envelope  and 
a variable  structure  trim  system  is  used  to  accommodate  this 
phenomena.  Trim  gains  are  chosen  to  provide  a decoupled 
behavior  which  reduces  the  complexity  of  the  implementation 
and  allows  switching  without  poor  response.  Evaluation  has 
shown  that  this  procedure  accommodates  the  operating  point 
throughout  the  practical  environment  of  the  engine. 
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5.9  TRANSITION  CONTROL  DESIGN 


5.9.1  Introduction 


The  design  of  the  reference  point  generator,  regulator 
and  trim  system  has  been  discussed  above.  These  blocks  are 
sufficient  to  provide  rapid  and  accurate  response  to  small 
perturbation  changes  around  a steady-state  operating  point. 

The  regulator  is  robust  to  small  changes  and  therefore  con- 
tains reasonably  large  gain  elements  in  the  proportional  feed- 
back law.  A large  step  input,  however,  from  idle  to  inter- 
mediate power,  causes  a large  change  in  the  reference  signal. 
This  change  results  in  proportionally  large  actuator  commands 
which  add  to  the  scheduled  actuator  signal.  The  effect  is  to 
saturate  the  actuators  and  the  response  would  be  uncertain. 
Since  the  engine  is  not  globally  linear  and  the  actuators  have 
a limited  range,  the  perturbationally  optimal  regulator  is 
not  appropriate  for  large  transitions. 

Three  alternatives  are  available  for  large  transition 
logic.  The  regulator  outputs  can  be  limited,  the  regulator 
inputs  can  be  limited  and  the  gains  can  be  reduced  during  large 
transients . 

Limiting  regulator  outputs  requires  scheduling  engine 
protection  and  actuator  dynamic  ranges  as  a function  of  actu- 
ator inputs.  For  example,  fuel  flow  can  be  transiently  sched- 
uled during  accelerations  to  provide  surge  protection, 
temperature  limiting,  and  rotor  speed  overshoot  protection. 

On  decelerations,  it  can  be  limited  by  fuel-to-air  ratio  and 
minimum  burner  pressure  constraints.  The  drawback  of  this 
solution  is  that  the  calculation  of  such  limits  for  multivari- 
able control  systems  under  some  optimality  criterion  is  diffi- 
cult [57].  The  character  of  large  transition  becomes  a 
schedule  "riding"  proposition  with  the  regulator  response 
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being  overridden  for  all  but  the  smallest  perturbation  by  the 
acceleration  or  deceleration  limits. 

Gains  in  the  regulator  can  be  varied  as  a function  of  the 
"size"  of  the  transition  as  measured  in  the  difference  of  the 
present  and  scheduled  value  of  an  engine  variable  [67].  Such 
a procedure  requires  significant  iteration.  Each  magnitude 
of  transition  should  be  evaluated  to  choose  appropriate  propor- 
tionality factors.  The  resulting  control  law  does  not  use  the 
constant  gains  assumed  in  the  regulator  design. 

The  third  solution  limits  the  inputs.  A simple  example 
of  this  is  the  rate  limited  power  lever  input  which  is  used 
on  production  engines.  This  constrains  the  transient  nominal 
path  to  lie  along  the  corresponding  steady-state  operating 
line.  This  procedure  does  not  allow  any  direct  control  of  the 
transient  trajectory.  A procedure  is  described  below  and  more 
theoretically  in  Chapter  IV  which  provides  this  capability. 

5.9.2  Transition  Control  Design  Principles 

The  transition  logic  is  designed  to  produce  a trajectory 
reference  for  the  regulator  which  takes  the  system  from  one 
power  condition  to  another  (see  Figure  5.30).  If  this  trajec- 
tory were  a consistent  path,  the  regulator  action  would  be  a 
perturbation  response  only.  Since  the  regulator  is  designed 
for  this,  the  resulting  behavior  along  the  trajectory  would 
presumably  be  satisfactory.  This  method  produces  transients 
which  are  controlled  by  the  trajectory  generator  in  a gross 
sense  and  are  controlled  by  the  regulator  in  a perturbational 
sense  (see  Figure  5.31). 

Unfortunately,  it  is  extremely  difficult  and  impractical 
to  calculate  precise  open-loop  trajectories  for  all  transitions 
throughout  the  envelope.  Some  procedures  are  available  to 
approximate  this  trajectory  [26,57]  and  a procedure  to  produce 
an  easily  calculated  trajectory  is  described  below. 
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Figure  5.30  Transition  Model 

The  approximate  nature  of  the  trajectory  does  not  invali- 
date the  separation  of  control  effort.  Since  the  approximate 
trajectory  will  not  be  a free  trajectory,  the  regulator  must 
control  a time-varying  perturbational  input  (equivalent  to 
a disturbing  force)  during  the  motion.  Linear  quadratic 
regulators  have  shown  excellent  characteristics  in  such  situa- 
tions as  long  as  the  inputs  are  small  enough  to  excite  no 
significant  actuator  or  plant  nonlinearities.  Using  this 
property  of  the  regulator,  an  easily  implemented  trajectory 
generation  scheme  provides  direct  and  flexible  control  of  large 
transient  motion. 

5.9.3  Description  of  the  Designs 

The  first  order  approximation  to  free  transitions  (i.e., 
equilibrium  motion)  developed  in  Chapter  IV  was  used  to  pro- 
duce the  transition  logic  in  the  FIDO  multivariable  control. 

The  various  operating  constraints  allow  power  level  transitions 
in  a corridor  of  the  envelope  as  shown  in  Figure  5.14.  The 
design  points  for  transition  rate  calculation  using  the  linear 
models  were  high,  middle,  and  low  power  conditions  at  OK/1.2, 
OK/0,  and  30K/0.9. 
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Figure  5.31  Illustration  of  the  Differences  Between 
Perturbation  Error  Signal  and  Reference  Error  in  a Large 
Transient  from  Point  A to  Point  B Shown  as  State  Space 
Trajectory,  Perturbation  Trajectory,  and  Step  Input 

Error  Signal 


There  were  five  control  variables  considered  in  the  regu- 
lator design.  The  fuel  flow  is  the  primary  power  modulation 
variable  during  large  transients.  Jet  area  also  provides  a 
small  capability  of  fast  thrust  response.  The  variable  geo- 
metry is,  however,  restricted  to  small  deflections  away  from 
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the  component  schedules.  The  effect  of  bleeds  on  gross  trani- 
ents  is  small.  Thus,  the  design  of  the  transition  trajectory 
used  only  two  degrees  of  freedom  corresponding  to  fuel  flow  and 
jet  area  motion.  Jet  area  modulation  is  limited  since  the 
nozzle  is  nearly  closed  in  unaugmented  operation.  This 
restriction  affects  the  acceleration  trajectories  calculated. 

For  two  degrees  of  freedom,  the  design  procedure  uses 
two  output  rates  as  design  parameters.  Compatible  state  and 
control  rates  corresponding  to  the  free  output  trajectory  are 
calculated.  Data  for  these  designs  is  included  in  Appendix  H. 

The  specific  output  parameters  used  were  dependent  on  the 
design  point.  In  all  cases,  the  thrust  rate  was  used.  The 
second  parameter  determined  the  character  of  the  trajectory 
peculiar  to  the  operating  condition.  The  rates  used  in  the 
original  design  are  shown  in  Table  5.9,  and  are  discussed 
below . 

At  low  power,  transitions  are  calculated  which  reduce 
surge  margin  excursions  at  sea  level  static  and  produce  accept- 
able burner  pressure  rates  at  altitude  points  to  avoid  under- 
shoot. At  middle  power,  the  engine  response  is  not  limited 
by  temperature,  pressure,  or  surge  requirements.  In  this  case, 
the  turbine  inlet  temperature  rates  were  specified  to  produce 
smooth  and  rapid  thrust  responses.  At  intermediate  power, 
lower  turbine  inlet  temperature  rates  were  specified  to  modu- 
late this  variable  near  its  upper  limit. 

The  algorithm  produces  rates  for  the  state  and  control 
reference  vector  which  are  asymptotic  solutions.  The  procedure 
can  also  produce  jumps  as  discussed  in  Chapter  IV.  It  is  not 
necessary  to  include  the  jumps  in  the  logic.  Practical  imple- 
mentation of  reference  point  discontinuities  requires  a signi- 
ficant amount  of  logic  to  assure  smooth  response  for  all  types 
of  PLA  inputs.  The  step  logic  was  not  used  in  the  controller 
except  in  the  one  case  discussed  below. 
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Table  '^.9 


Scheduled  Rate  Values  and  Derived  Output  Values 
Calculated  as  a Function  of  Ambient  Conditions 
at  Four  Design  Points 


STATE/ 

CONTROL 

DESIGN  POINTS 

HIGH 

MIO 

LOW 

UNITS 

RATES 

A 

8 

B 

B 

D 

8 

B 

D 

B 

8 

B 

B 

B 

8 

a 

B 

“1 ' "i 

1.2 

1.0 

.93 

.83 

960 

800 

742 

662 

3230 

2690 

2500 

2230 

1450 

1190 

1110 

988 

rpm/sec 

“2  ' ”2 

1.2 

1.0 

.93 

.83 

900 

750 

695 

623 

1820 

1520 

1410 

1260 

1080 

600 

558 

498 

rpm/sec 

WFHB 

1.8 

1.0 

.45 

.18 

5510 

3060 

1380 

551 

6710 

3730 

1680 

671 

1300 

980 

325 

130 

Ibm/hr/sec 

*J 

1.8 

1.0 

.45 

.18 

.35 

.29 

.13 

.05 

0 

0 

0 

0 

-.045 

-.025 

-.011 

-.005 

ft^/sec 

^6 

1.8 

1.0 

.45 

.18 

15.1 

8.4 

3.8 

1.5 

15.5 

8.6 

3.9 

1.6 

7.7 

4.3 

1.9 

.78 

psl/sec 

1.8 

1.0 

.45 

.18 

135 

75 

34 

14 

218 



121 



54.5 

22 

77 

43 

19 

7.8 

psi/sec 

Net 

Thrust 

■ 

■ 

■ 

1 

5800 

3260 

1200 

500 

... 

5441 

1320 

767 

... 

1360 

670 

■ 

Ibf/sec 

Turbine 

Temp. 

1 

1 

572 

290 

272 

230 

... 

464 

650 

490 

... 

120 

260 

°R/sec 

Comp 

Surge 

Margin 

1 

1 

1 

1 

12 

-0.4 

-0.3 

-0.2 

... 

17 

-10 

5 

... 

10 

- ■ J 

-5 

1 

I/sec 

DESIGN  POINT  INDEX 

HIGH 

MID 

LOW 

A 

83/OK/ 1.2 

... 

8 

83/OK/O 

52/OK/O 

20/0K/0 

c 

83/30K/0.9 

52/30K/0.9 

23/30K/0.9 

D 

83/45K/0.9 

52/30K/0.9 

... 

There  is  one  condition  where  reference  value  steps  can  be 
used  to  produce  significantly  improved  response.  The  thrust 
and  temperature  rates  chosen  at  the  high  power  design  point  are 
used  to  implicitly  limit  temperature  overshoots  caused  by 
open-loop  modulation  of  the  controls.  This  yields  state  and 
control  rates  which  are  smaller  than  the  middle  power  values. 
However,  during  a deceleration  from  intermediate  power,  the 
trajectory  will  follow  the  acceleration  path  in  reverse.  This 
produces  slower  decelerations  than  would  be  normally  possible. 
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By  implementing  a fuel  flow  and  jet  area  step  for  decelerations 
in  this  portion  of  the  power  range,  fast  decelerations  and 
temperature  limited  accelerations  are  produced.  The  implemen- 
tation of  the  transient  logic  is  described  below. 

5.9.4  Implementation  of  Logic 

The  output  of  the  transition  control  design  is  a set  of 
state  and  control  rates  for  each  power  and  flight  condition, 
as  follows: 


The  implementation  of  this  system  is  shown  in  Figures  5.32  and 
5.33.  The  rates  at  each  power  condition  are  scheduled  by  a 
multiplicative  function  of  engine  face  density  to  approximate 
the  rate  parameters  at  the  design  conditions.  There  were  two 
scheduling  functions  for  the  six  state  and  control  rates  used 
as  illustrated  in  Figure  5.32  and  Table  5.10.  The  rates  were 
interpolated  as  a function  of  the  engine  power  condition  to 
produce  a smooth  nominal  trajectory.  These  rate  schedules 
are  included  in  Appendix  H.  Using  this  method,  an  appropriate 
state  and  control  rate  vector  can  be  calculated  for  each 
operating  condition. 

Implementation  of  a smooth  trajectory  for  any  type  of 
PLA  input  is  accomplished  by  using  a rate  limited  servo  form 
driven  by  the  reference  vector  as  shown  in  Figure  5.32. 

Figure  5.33  shows  the  structure  which  produces  a smooth  transi- 
tion from  one  operating  point  to  another  without  unsatisfactory 
switching.  The  servo  loop  gain  is  chosen  to  produce  transi- 
tions from  the  rate  limited  behavior  to  the  proportional 
behavior  at  a small  off-set  from  the  steady- state . The  linear 
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Figure  5.32  Transition  Trajectory  Generation  Algorithm  is 
Formed  from  a Rate  Limited  Servomechanism  Structure  With 
Variable  Rate  Saturation  Forming  the  Gross  Trajectory  and 
the  Proportional  Response  Providing  Continuity  with  the 

Steady-State  Reference 


Figure  5.33  Generation  of  Control  Step  Inputs  as  a Function  of 
Power  Lever  Angle  Change  and  Current  Trajectory  State 
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Figure  5.34  Illustration  of  Transient  Trajectory  Generation 
Algorithm  for  Cyclic  PLA  Input  at  Sea  Level  Static 
Conditions  from  Nonlinear  Digital  Simulation 


region  of  the  "servo”  loop  is  chosen  to  have  a time  constant 
compatible  with  the  trajectory  rates  to  ensure  a smooth 
transition.  This  time  constant  was  chosen  as  t=  0.2  sec  for 
all  flight  conditions  for  simplicity.  The  logic  results  in 
an  exponential  response  near  steady-state  and  the  trajectory 
is  continuous  with  continuous  time  derivatives. 

Implementation  of  the  algorithm  as  shown  above  requires 
very  little  control  logic  and  storage.  The  performance  is 
excellent  and  the  processing  overhead  minimal. 

Discontinuities  in  the  output  of  the  trajectory  generator 
must  be  included  to  accommodate  inputs  of  arbitrary  form, 
magnitude  and  frequency  without  "ratcheting"  or  other  unaccept- 
able behavior.  The  MVC  implementation  uses  the  sample  differ- 
ence of  PLA  to  schedule  the  step  magnitude.  The  time  at  the 
particular  power  level  reduces  this  magnitude.  Short  steps 
to  one  level  and  back  will  not  cause  a change  in  power.  This 
procedure  is  illustrated  in  Figure  5.33.  Performance  of  the 
system  is  shown  in  Figure  5.34  for  a cyclic  PLA  input. 

For  the  implementation  of  the  multivariable  controller 
on  the  SEL  810B  to  control  a real  engine  in  an  altitude  cell, 
an  additional  functional  block  was  included  in  the  controller 
as  protection  against  erratic  or  unpredicted  operation  of  the 
control.  This  logic  was  tested  initially  on  the  hybrid  to 
verify  operation  of  the  engine  protection  logic  in  conjunction 
with  the  multivariable  control. 

The  logic  was  developed  to  incorporate  specific  actuator 
deflection  limits  and  override  schedules  provided  by  the 
engine  manufacturer.  The  limits  specified  were  maximum  and 
minimum  fuel  flow  as  a function  of  compressor  speed,  inlet 
temperature  and  burner  pressure,  RCW  stall  boundaries  as  a 
function  of  compressor  speed  and  fan  discharge  temperature, 
and  CIVV  flutter  boundaries  as  a function  of  fan  speed,  engine 
face  temperature  and  pressure.  These  schedules  were  imple- 
mented as  variable  actuator  limits  and  directly  integrated 
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with  the  integral  trim  logic  as  shown  in  Figure  3.25.  Addi- 
tional maximum  deflection  limits  of  ^8°  and  +6°  were  placed 
on  CIVV  and  RCVV  motion,  respectively,  because  simulation 
modeling  of  larger,  off-schedule  deflection  was  considered 
uncertain  by  the  engine  manufacturer. 

5.9.5  Summary 

The  purpose  of  the  transition  control  is  to  generate  a 
state  and  control  reference  trajectory  taking  the  system  from 
one  reference  point  to  another.  The  regulator  produces  robust 
small  signal  regulation  to  move  the  system  along  the  open-loop 
trajectory.  A design  procedure  is  presented  for  calculating 
the  approximate  trajectories  as  a function  of  design  para- 
meters from  the  linear  models.  An  implementation  is  presented 
which  schedules  the  rates  and  implements  them  to  form  a trajec- 
tory in  a smooth  and  reliable  manner.  A procedure  for  adding 
discontinuous  inputs  is  presented  which  produces  acceptable 
responses . 

5.10  FAN  TURBINE  INLET  TEMPERATURE  SENSOR  COMPENSATION 

Temperature  limiting  during  transient  and  steady-state 
operation  is  a critical  function  of  the  multivariable  control. 
The  maximum  temperatures  specified  for  compressor  discharge 
and  turbine  inlet  stations  in  the  gas  path  are  implicitly 
limited  by  the  maximum  fan  turbine  inlet  temperature  criterion 
discussed  in  Section  5.2.  Accurate  measurement  of  this  variable 
is  crucial  to  successful  engine  control.  Unfortunately,  the 
characteristics  of  desirable  temperature  probes  in  this  envi- 
ronment are  severely  restrictive  to  the  control  operation 
because  of  low  bandwidth  response  relative  to  the  temperature 
overshoot  criterion.  Compensation  of  this  sensor  signal  is 
required  for  adequate  temperature  limiting  during  transient 
maneuvers.  The  compensation  must  not  degrade  the  high  d.c. 
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accuracy  of  the  signal  because  this  measurement  sets  inter- 
mediate thrust  at  a majority  of  flight  points. 

The  techniques  for  sensor  compensation  discussed  in 
Section  4.6  were  applied  to  the  FTIT  sensor.  A steady-state, 
reduced  order  filter  was  used  for  simplicity.  In  this  case, 
choice  of  filter  parameters  can  be  directly  related  to  classi- 
cal, frequency  domain  considerations. 

The  FTIT  sensor  consists  of  a thermocouple  harness  with 
multiple  circumferential  probes  at  the  low  pressure  turbine 
entrance.  The  dynamic  model  of  the  transient  response  is  shown 
in  Figure  5.35.  The  model  is  simplified  to  include  only  the 
dynamics  associated  with  the  slow  response  component  of  the 
measurement.  A comparison  with  the  linearized  model  presented 
in  Section  5.2  is  shown  in  the  figure  for  a step  input.  After 
an  initial  mismatch,  the  two  outputs  are  nearly  identical. 

This  behavior  is  used  in  the  filter  implementation  discussed 
below.  The  implementation  logic,  which  is  discussed  below, 
deactivates  the  filter  during  the  initial  portion  of  large 
transients.  The  filter  is  forced  to  track  the  sensor  in  the 
initial  portion  of  the  transient  so  the  effects  of  the  initial 
mismatch  are  substantially  reduced.  For  small  transients, 
this  forced  tracking  does  not  occur,  but  in  this  case,  the 
initial  error  is  small  relative  to  the  overall  accuracy  of 
the  actuators  and  the  error  is  insignificant. 

The  equations  used  for  the  sensor  filter  are  derived 
in  detail  in  Appendix  K and  are  repeated  here  as  follows; 
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Figure  5.35  Step  Response  of  FTIT  Sensor  Models  Indicating 
That  Error  in  Using  First  Order  Approximation  is 
Small  Compared  to  Overall  Sensor  Output  Response 

The  compensation  is  third-order.  The  sensor  output  relative 
to  the  scheduled  final  value,  8T  , contains  correlated  noise, 
e,  due  to  the  sensor  response.  The  deviation  of  the  fuel 
flow  from  its  nominal  trajectory  is  treated  as  a biased 
measurement  of  the  final  temperature.  The  bias  state  is  b. 

The  scale  factor  g(p)  is  a scheduled,  steady-state  gain 
of  fuel  flow  to  FTIT  derived  from  the  six  design  models. 

Values  of  the  gain  matrix  are  chosen  to  produce  the  desired 
frequency  response  of  the  estimate  to  the  inputs.  The  trans- 
fer functions  of  each  input  to  the  temperature  estimate  are 
shown  below: 
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The  relations  are  plotted  in  Figure  5.36.  The  fuel  flow 
input  affects  the  temperature  estimate  during  transients  only. 


Figure  5.36  Asymptotes  of  Frequency  Response  of  FTIT  Sensor 
Compensation  Showing  Pole-Zero  Locations  as  a Function 
of  Estimator  Gains  and  Feedforward  Parameter 
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The  filter  bias  state,  b,  nulls  the  effect  of  this  measure- 
ment in  steady- state . Scheduling  errors  in  fuel  flow  will  not 
cause  hang-offs  with  this  procedure.  The  sensor  output  is 
attenuated  at  frequencies  greater  than  its  slowest  response 
time  constant.  The  gain  of  the  estimator  to  the  sensor  input 
in  steady-state  is  unity  preserving  the  high  d.c.  accuracy  of 
the  measurement.  The  filter  functions  like  a complementary 
filter  in  blending  inputs  of  two  types  to  form  a system  with 
acceptable  dynamic  response  and  accuracy. 

The  implementation  of  the  filter  is  shown  in  Figure  5.37. 
The  input  from  the  sensor  is  deactivated  by  the  logic  flag, 
MTRAN  (see  Section  5.8),  during  the  initial  part  of  transients. 
In  this  mode,  the  noise  state,  e,  is  forced  to  track  the 
sensed  and  scheduled  measurement  difference  to  avoid  start-up 
transients  and  the  necessity  of  reinitialization  of  the  algo- 
rithm. In  this  way,  the  effect  of  sensor  model  differences 
is  minimized  during  large  transients  and  the  implementation 
simplified. 

An  example  of  the  performance  of  the  estimator  is  shown 
in  Figure  5.38.  The  overshoot  of  the  estimated  temperature 
occurs  in  advance  of  the  actual  response.  The  controller 
uses  this  output  to  modulate  the  controls  to  reduce  actual 
temperature  overshoots.  This  throttling  of  the  acceleration 
does  not  occur  when  no  temperature  overshoot  is  predicted  by 
the  estimator  and  so  of f- intermediate  power  accelerations  are 
not  penalized  by  temperature  limiting. 

5.11  SUMMARY 

The  design  of  the  multivariable  controller  for  the  FlOO 
has  been  detailed  above.  The  control  criteria  is  discussed  and 
its  relationship  to  the  structure  and  substance  of  the  control 
law  presented.  The  engine  actuators  and  sensors  have  been 
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Figure  5,37  Implementation  of  Fan  Turbine  Inlet  Temperature 
Estimator  in  Multivariable  Control  System 

analyzed.  The  operating  envelope  has  been  explored  using 
steady  and  linearized  model  analyses.  These  considerations 
have  been  combined  to  produce  linear  quadratic  regulator  de- 
signs at  a series  of  design  points  spanning  the  envelope,  A 
gain  scheduling  algorithm  has  been  developed  to  link  these 
do  igns  into  a continuous  implementation.  Integral  trim  logic 
I been  designed  to  control  the  engine  accurately,  safely  and 
1 ntly  throughout  the  envelope  in  the  presence  of  sensor 
jiacies,  plant  variation  and  deterioration  effects,  A 
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Figure  5.38  Example  of  Temperature  Compensation  Showing 
Compensator  Output  Leading  Both  the  Actual  Temperature 
Response  and  Sensor  Output  During  a 75%  Thrust  Step 
at  10,000  ft,  Mach  Number  0.9  from  Hybrid  Simulation 


transient  control  algorithm  has  been  derived  to  produce 
nominal,  open-loop  trajectories  to  modulate  gross  thrust  com- 
mands smoothly  and  stably  at  all  flight  conditions.  The 
blocks  have  been  integrated  in  a single  full  authority,  digi- 
tal, electronic  control  system  for  the  engine.  This  system 
has  been  implemented  on  an  SEL  810B  computer  and  evaluated  at 
NASA  LeRC.  The  results  of  this  evaluation  and  preliminary 
digital  tests  are  summarized  in  Chapter  VI. 
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CHAPTER  VI 


EVALUATION  OF  THE  FlOO  MULTIVARIABLE  CONTROLLER 


6.1  INTRODUCTION 

The  multivariable  control  for  the  FlOO  engine  described 
in  Chapter  V was  developed  and  tested  using  a nonlinear,  digi- 
tal engine  simulation  from  Pratt  and  Whitney  Aircraft,  the  CCD 
1103-1.0  deck.  The  algorithm  was  coded  in  FORTRAN  and  initial- 
ly evaluated  to  verify  satisfaction  of  the  control  criteria. 
Design  iteration,  both  in  the  synthesis  of  linear  quadratic 
regulator  gains  and  the  adjustment  of  other  parameters  in  the 
control  system,  was  facilitated  by  the  complete  model  of  the 
dynamic  characteristics  included  in  the  simulation  program. 

A digital  evaluation  of  the  preliminary  design  was  under- 
taken to  verify  steady-state  and  transient  characteristics. 
Revisions  were  made  as  a result  and  the  controller  was  imple- 
mented on  the  hybrid  simulation  at  NASA  LeRC.  For  a descrip- 
tion of  the  digital  tests  see  Ref.  1.  The  results  of  the 
hybrid  simulation  and  implementation  at  NASA  LeRC  is  described 
in  Ref.  2. 

In  this  chapter,  a summary  of  the  digital  and  hybrid 
evaluation  is  presented  to  illustrate  the  synthesis  procedure. 
In  Section  6.2,  steady-state  performance  including  deteriora- 
tion and  installation  effects  is  presented.  In  Section  6.3, 
selected  digital  and  hybrid  transient  runs  are  described 
with  reference  to  the  action  of  the  controller  in  generating 
the  response. 
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6.2  STEADY-STATE  EVALUATION 

6.2.1  Introduction 


The  steady-state  evaluation  consisted  of  three  parts, 
each  performed  on  the  nonlinear  digital  simulation.  The  refer- 
ence schedules  were  tested  to  determine  the  accuracy  of  the 
match  point  at  a few  conditions  and  to  verify  safe  steady- 
state  operation  throughout  the  envelope.  The  controller  trim 
logic  was  used  to  determine  the  effect  of  typical  deteriora- 
tion, power  extraction,  and  bleed  flow  on  baseline  engine 
performance.  Finally,  the  effect  of  instrument  errors  on 
steady-state  performance  was  assessed.  The  evaluation  test 
points  are  listed  in  Table  6.1. 

6.2.2  Reference  Schedules 


Multivariable  controller  performance  was  required  to 
match  production  control  performance  at  ten  power/flight  points 
for  study  purposes  during  the  preliminary  digital  evaluation. 


Table  6.1 

Operating  Points  for  Evaluation 
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These  study  points  were  intermediate  power  (PLA  = SS”)  at 
OK/0,  30K/0,9,  lOK/0.9,  OK/1.2;  idle  power  at  OK/0,  30K/0.9, 
lOK/0.9,  and  at  OK/0;  PLA's  of  67°,  52°,  and  36°.  The 
requirement  for  comparable  performance  was  to  facilitate 
the  control  evaluation.  The  tolerance  for  matching  governor 
performance  was  specified  as  1%  of  point  thrust,  1%  of  point 
thrust  specific  fuel  consumption  (TSFC)  with  vanes  and  bleeds 
on  schedule.  Idle  power  is  defined  as  the  highest  thrust 
level  of  the  following:  PLA  = 20°,  Pg  = 48  psia,  or  operation 
on  the  minimum  airflow  boundary  at  supersonic  conditions. 
Operation  of  the  controller  in  the  remaining  portions  of  the 
envelope  was  constrained  to  be  within  the  specified  control 
criteria  limits  discussed  in  Chapter  V.  The  performance  of 
the  reference  point  schedules  at  the  ten  study  points  is  shown 
in  Table  6.2  for  comparative  purposes. 


Table  6.2 

Digital  Evaluation  of  Reference  Point  Schedules  Comparing 
the  Steady  Operating  Point  of  the  Production  and 
Multivariable  Controller  at  Ten  Study  Flight  Conditions 
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Matching  the  sea  level,  static  operating  line  and  fixing 
the  end  points  at  a few  altitude  conditions  produces  a corres- 
pondence with  the  overall  performance  of  the  governor  control. 
This  is  illustrated  in  Figures  6.1  and  6.2  (see  Ref.  2 for 
a detailed  discussion) . Using  thrust  and  TSFC  as  the  compari- 
son variables  produces  an  extremely  accurate  match  of  all  other 
engine  quantities.  The  curved  thrust  to  PLA  relation,  charac- 
teristic of  the  hydromechanical  governor  (see  Figure  6.1),  is 
quite  satisfactory  for  engine  operation.  For  the  reference 
point  schedules  to  follow  this  curve  increases  the  resulting 
implementation  complexity.  If  the  controller  had  been  designed 
to  meet  various  performance  rating  points  at  intermediate  power 
and  idle  only,  the  operating  line  schedule  (e.g.,  Ap/p  vs. 
airflow)  could  have  been  simplified.  However,  matching  the 
governor  curves  shows  the  flexibility  of  the  method  in  provid- 
ing full  control  of  engine  operating  points. 

6.2.3  Installation  and  Deterioration  Effects 


The  reference  point  schedules  determine  the  operating 
conditions  throughout  the  flight  envelope.  In  the  first 
part  of  the  steady-state  evaluation,  the  reference  schedules 
were  developed  to  match  ten  production  control  points  and  to 
schedule  the  engine  safely  throughout  the  remaining  envelope. 
The  second  part  of  the  digital  evaluation  assessed  the  effect 
of  installation  and  deterioration.  Loss  of  component  effi- 
ciency and  extractions  cause  a variation  in  thrust,  TSFC,  or 
both.  In  general,  there  are  no  quantitative  requirements  on 
variations  of  either  of  these  quantities.  Qualitatively,  the 
changes  should  be  kept  small.  Tiie  engine  must  be  operated 
in  a safe  and  stable  manner  in  the  presence  of  these  effects. 
The  fan  match  point  trim  mode  was  evaluated  against  the  pro- 
duction control  operation.  For  this  test,  a set  of  flight 
points  was  chosen  as  shown  in  Table  6.1.  Typical  installation 
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6.1  Comparison  of  Multivariable  Controller  Steady 
Operating  Points  with  the  Production  Controller  at 
Three  Flight  Conditions  - Net  Thrust 


effects  including  deterioration  of  components,  horsepower  ex- 
traction, and  customer  bleed  flow  were  specified  by  the  engine 
manufacturer  to  be  representative  of  the  F15  aircraft  applica- 
tion of  the  FlOO  engine.  The  values  of  these  quantities  are 
shown  in  Table  6.3. 

The  multivariable  controller  was  run  in  the  steady-state 
mode  to  investigate  performance  changes.  The  results  were 
tabulated  for  half-nominal  and  nominal  changes  for  each  effect 
and  all  effects  together.  The  details  of  these  results  are 
shown  in  Appendix  I.  A summary  of  the^j  is  presented  in 
Figures  6.3  through  6.6.  The  conclusions  are  summarized  in 
Table  6.4  and  discussed  briefly  below. 

Figures  6.3  and  6.4  show  full  deterioration  and  installa- 
tion effects  along  the  sea  level  static  operating  line.  Near 
intermediate  power,  the  engine  efficiency  losses  cause  the 
operating  point  to  be  turbine  temperature  limited.  In  this 


Table  6.3 

Typical  Component  Deterioration  and  Installation 
Effects  for  the  F15 


ALTITUDE 

(FT) 

Mn 

(-) 

PLA 

(OEG) 

NOMINAL  HP 
EXTRACTION 
(HP) 

NOMINAL 

BLEED 

(PPS) 

NOMINAL  DETERIORATION 

0 

0 

20 

54.0 

1.71 

(Fan  {%)  = -1.0 

{Comp  (%)  = -2.0 

0 

0 

52 

59.6 

1.93 

(High  Turbine  (%)  = -2.5 
Same  as  above 

0 

0 

83 

65.0 

2.14 

lOK 

0.9 

20 

58.4 

1.40 

lOK 

0.9 

52 

62.4 

1.40 

lOK 

0.9 

83 

66.2 

1.40 

30K 

0.9 

20 

58.4 

1.34 

30K 

0.9 

52 

62.4 

1.34 

40K 

0.9 

83 

66.2 

1.34 

♦5K 

0.9 

30 

59.6 

1.06 

45K 

0.9 

62 

62.4 

1.06 

45K 

0.9 

83 

66.2 

1.06 

65K 

0.9 

83 

66.2 

1.06 

20K 

1.8 

83 

67.2 

1.66 

58. 5K 

2.15 

83 

67.6 

1.33 
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case,  the  fan  match  point  cannot  be  maintained.  The  multi- 
variable  controller  holds  a constant  Ap/p  and  the  production 
controller  schedules  as  a function  of  N2.  Both  con- 

trollers cause  thrust  to  decrease  at  a small  increase  in  fuel 
consumption. 

At  middle  power  conditions,  thrust  is  held  nearly  constant 
and  fuel  flow  adds  the  required  energy.  The  multivariable 
controller's  direct  match  point  trim  limits  thrust  variations 
slightly  more  than  the  production  control.  The  differences, 
however,  are  small.  Near  idle  power,  the  multivariable 
control  continues  to  add  fuel  and  decrease  the  nozzle  area 


Figure  6.3  Effect  of  Deterioration  and  Installation  on 
Net  Thrust  - Seal  Level  Static  Conditions 


Figure  6.4  Effect  of  Deterioration  and  Installation  on  Thrust 
Specific  Fuel  Consumption  - Sea  Level 
Static  Conditions 


ALTITUDE  (FT) 

0 lOK  20K  30K  45K  58. 5K  65K 


Figure  6.5  Effect  of  Deterioration  and  Installation  on  Net 
Thrust  (%  of  Point)  at  Altitude  Points,  Intermediate 
Power  Level  Shown  as  the  Magnitude  of  the  Variation 
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AtTITUOE  (FT) 


0 lOK  20K  30K  45K  58. 5K  65K 


Figure  6.6  Effect  of  Deterioration  and  Installation  on  Thrust 
Specific  Fuel  Consumption  (%  of  Point)  at  Altitude  Points, 
Intermediate  Power  Level  Shown  as  the  Magnitude  of 

the  Variation 


Table  6.4 

Conclusion  Summary  - Installation  Sensitivity 


COMPONENT  DETERIORATION 

• 

Lower  Thrust  and  Higher  Thrust  Specific  Fuel  Consumption  Than 
Production  Control  at  Subsonic  Flight  Conditions  with  High 

Power  Settings 

• 

Higher  Thrust  and  Lower  Thrust  Specific  Fuel  Consumption  at 
Supersonic  Flight  Conditions  and  At  Low  Power  Settings 

BLEED  FLOW 

• 

Generally  Higher  Thrust  and  Lower  Thrust  Specific  Fuel  Consump- 
tion than  Production  Control  for  All  Conditions 

HUTSEPOWER  EXTRACTION 

• 

Insignificant  Effect 

COMBINED  EFFECTS 

• 

Generally  Higher  Thrust  and  Lower  Thrust  Specific  Fuel  Consump- 
tion than  Production  Control  at  Supersonic  Flight  Conditions 
and  at  Low  Power  Settings 
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to  produce  constant  thrust.  In  this  region,  the  production 
control  maintains  fixed  nozzle  area  and  runs  to  a lower  rotor 
speed  which  produces  the  lower  thrust  and  higher  SFC  at  these 
points . 

The  important  conclusions  are  that  the  controller  refer- 
ence schedules  produce  stable  and  safe  operation  of  the  engine. 
The  effects  of  extractions  are  comparable  to  the  production 
control  except  that  the  controlled  fan  match  point  has  a smal- 
ler sensitivity  at  low  power  settings  and  supersonic  condi- 
sions  than  the  production  control. 

6.2.4  Fan  Exit  Pressure  Measurement 

The  effect  of  transducer  errors  in  the  measurement  of 
Ap/p  was  assessed.  Flow  distortion  characteristics  at  the 
fan  exit  are  more  difficult  to  evaluate  using  the  simulation. 
The  type  of  measurement  error  should  be  investigated  during 
the  engine  test. 

The  sensor  complement  specified  for  the  Ap/p  measure- 
ment is  shown  in  Figure  6.7.  The  algorithm  for  calculating 
the  Ap/p  parameter  is  also  shown  in  the  figure.  This  para- 
meter maintains  the  desirable  characteristics  of  the  average 
Ap/p  which  has  been  previously  defined.  In  addition,  because 
both  numerator  and  denominator  terms  are  averaged  separately, 
the  calculation  is  more  accurate  when  random  measurement 
errors  are  present.  The  pressure  transducers  represent 
strain  gauge  instruments  with  adequate  range  to  accommodate 
full  envelope  operation.  The  error  terms  are  calculated  by 
including  the  maximum  specified  accuracy  deviation  in  the 
calculation.  This  worst  case  figure  is  then  inserted  as  a 
sensor  bias  in  the  controller  input.  The  controller  trims 
the  engine  to  the  incorrect  value  of  Ap/p  and  the  effect 
on  engine  performance  is  determined.  This  type  of  test  is 
considered  worst  case  since  sensor  errors  will  normally  be 
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> e CIRCUMFERENTIAL  LOCATIONS 


AP/P  MEASUREMENT  ALCiORITHM 
OH  HYBRID  SIMULATION 

P(.  = P^  2.  SC  - Pj  2. SC 

Pj^  = P^  2.SH  - Pj  2.5H 

^ - I |Pc  ^ Ph' 

P^  = I (P^  2.SC  + P^  2.SH1 


Figure  6.7  Schematic  of  Instrumentation  for  Fan  Exit 

Pressure  Measurement 


averaged  by  the  number  of  pick-off  points  used.  Also,  speci- 
fied instrument  nonrepeatability  consists  of  random  (i.e., 
white  noise)  components  as  well  as  bias  shift  and  scale  factor 
errors.  In  the  operation  of  the  control,  a change  in  per- 
formance will  be  caused  only  by  a shift  in  the  overall  bias 
level  of  the  transducers.  The  magnitude  of  this  type  of 
error  is  probably  less  than  the  worst  performance  calculated. 

Figure  6.8  illustrates  the  performance  shift  at  the 
evaluation  points  throughout  the  envelope.  In  general,  the 
thrust  variation  is  greatest  at  middle  power.  At  low  power, 
trim  authority  limits  the  perturbation.  The  performance  of 
the  system  with  these  sensor  errors  does  not  cause  unsafe  or 
unstable  operation  of  the  engine  at  any  flight  point. 
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Figure  6.8  Worst  Case  Performance  Sensitivity  to 
(Ap/p)2  5 Sensing  Accuracy 


6.2.5  Summary 

The  nonlinear  digital  simulation  was  used  to  validate  the 
steady-state  performance  of  the  controller.  First  the  match 
point  at  ten  study  flight  and  power  conditions  was  adjusted 
to  compare  with  the  production  control.  Next,  the  effect  of 
deterioration,  power  extraction  and  bleed  flow  was  evaluated 
at  40  points  throughout  the  envelope.  Finally,  the  effects  of 
worst  case  sensing  errors  on  the  Ap/p  trim  mode  were  assessed 
using  the  simulation.  Multivariable  control  matches  the 
required  operating  point  at  the  ten  study  conditions  and  re- 
sults in  safe  and  stable  operation  of  the  engine  throughout 
the  envelope. 
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6.3  TRANSIENT  EVALUATION 

6.3.1  Introduction 

The  nonlinear  digital  simulation  was  used  with  a group  of 
transient  inputs  at  four  study  flight  conditions  to  verify 
controller  operation.  The  FORTRAN  code  implementation  was 
then  transferred  to  NASA  LeRC  for  implementation  in  assembly 
language  on  the  SEL  810B  computer.  The  hybrid  simulation  is 
shown  in  Figure  6.9. 


I EAI  690  I 


Lo. 


SEL  8106 
DIGITAL  COWUTER 


I 

J 


Figure  6.9  Hybrid  Simulation  of  FIDO  and  Multivariable 
Controller  at  NASA  Lewis  Research  Center 
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In  the  hybrid  evaluation,  inputs  were  chosen  to  be  com- 
patible with  engine  test  requirements  and  specified  at  flight 
points  compatible  with  engine  test  capability.  In  this  way, 
a controller  and  a test  plan  were  developed  simultaneously. 

The  hybrid  results  will  be  summarized  in  the  second  half  of 
this  section. 

6.3.2  Digital  Evaluation 

Initially,  the  controller  was  validated  on  the  digital 
simulation.  Transient  responses  were  also  generated  with  the 
production  control  for  comparison  purposes.  The  control  inputs 
are  shown  in  Tables  6.5  and  6.6.  Large  transients  between 
intermediate  and  idle  power  were  used  to  test  engine  limit 
protection  and  transition  controller  performance.  Small 


Table  6.5 

Digital  Computer  Control  Evaluation 


TEST  ITEM 

INPUT  SPECIFICATION 

FLIGHT  CONDITION 

OK/O 

lOK/0.9 

30K/0.9 

I.  Large  Transient  Response 

a.  Idle  to  intermediate 

b.  Intermediate  to  Idle 

c.  Bodie  Transient 

d.  APLA  - 3,000  lbs  Below 
Intermediate  to  Inter- 
mediate 

(I'al) 

(Ibl 

(lc) 

(ld) 

(laii) 

(Ibii) 

(lain) 

(Ibill) 

2.  Saiall  Amplitude  Transient 
Response 

t3  Deg  PLA 

PLA=30  (2c) 

52  (2b) 

80  (2a) 

80°  (2d) 
(Inter- 
mediate) 

80“  (2e) 
(Inter- 
mediate) 

3.  No  Holds  Barred  PLA 

4 runs 

8a-8d 

4.  Disturbances 

APjp  = 4 per  cent 

APj2  2 per  cent 

83°  (4a) 

83°  (4b) 

S.  Transient  Limit  Check 

• Pg  Limited  (FTIT  Limit  is 

Addressed  In  Item  1) 

• Set  PLA  at  60°. 

APLA  - 23° 

At  Hn  = 1.2.  Alt  = 0 

(5) 

6.  Transient  Saturation  Check  - 
Aj  - Constant 

• Lock  Aj 

• APLA  » 10® 

At  PLA  of  73° 
(6) 

7.  Idle  Die  Out  Check 

Max  HPX  * BLD  Specified 

Idle  (7) 
apla  • 

20°-35° 
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Table  6.6 


Transient  Simulation  Data  Index  - Multivariable 
Controller  Evaluation 


ITEM 

FLIGHT  POINT 

INPUT  SPECIFICATION 

ALT 

U1 

0 

B 

Idle  to  intermediate  PLA  transient 

l»i  1 

lOK 

B 

Idle  to  intermediate  PLA  transient 

Uiii 

30K 

IB 

Idle  to  intermediate  PLA  transient 

Ibi 

0 

0 

Intermediate  to  idle  PLA  transient 

Ibii 

lOK 

0.9 

Intermediate  to  idle  PLA  transient 

IbHi 

30K 

Intermediate  to  idle  PLA  transient 

Ic 

0 

Bodie  transient  (83°  - 20°  - 83°) 

Id 

0 

PLA  > 72°.  APLA  • ♦ 11°  (+3,000  lbs) 

2a 

0 

PLA  = 80°,  APLA  - + 3° 

2b 

0 

PLA  » 52° , APLA  = + 3° 

2c 

0 

PLA  = 20°,  APLA  » + 3° 

2d 

lOK 

PLA  • 80°,  APLA  - + 3° 

2c 

30K 

0.9 

PLA  = 80° , APLA  = + 3° 

4a 

0 

0 

APT7  ♦ +41  (AAJ  • -0.20  ft^) 

4b 

0 

0 

APT2  » +n  (0.147  psi) 

5 

■1 

1.2 

PLA  > 50°,  APLA  » + 23° 

6 

H 

0 

PLA  > 73°.  APLA  + +10°,  AJ  = 3.0  ft^ 

7 

mm 

0 

PLA  » 20°,  APLA  - + 15°.  HPX  • 54,  8LCD  • 1.8X 

8a 

0 

Idle  ■*  Intermediate  PLA,  Lowered  N^/Pg  limit 

8b 

B 

8c 

0 

Cyclic  PLA 

8d 

II 

amplitude  transients  were  used  to  investigate  regulation 
stability  in  the  presence  of  hysteresis,  dead  zones,  etc. 
Disturbances  were  generated  to  investigate  the  effects  of 
augmentor  ignition  and  inlet  distortion.  Engine  limit  pro- 
tection was  tested  at  maximum  and  minimum  conditions.  The 
jet  area  was  fixed  to  test  transient  operation  with  a 
saturated  control.  An  acceleration  from  idle  at  sea  level 
static  conditions  with  full  deterioration  and  extractions 
was  used  to  test  this  critical  regime  of  operation. 
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LOW  ROTOR  SPEED  (X  DESIGN)  POWER  LEVER  ANGLE 


A series  of  cyclic  power  lever  inputs  were  used  to  vali- 
date the  transition  and  gain  scheduling  logic  at  sea  level 
static  conditions.  Figure  6.10  shows  the  response  to  a 
cyclic  PLA  input.  The  input  consists  of  steps  and  ramps  in 
the  middle  power  region.  The  figure  shows  the  rotor  speed 
trajectory  and  thrust  response  of  the  engine  are  smooth  and 
stable. 

Figure  6.11  shows  the  cyclic  PLA  maneuver  used  to  test 
the  transient  temperature  limiting  behavior  of  the  control. 
The  turbine  temperature  was  well  controlled.  The  FTIT  sensor 


0 1 2 3 4 5 


TIME  (SEC) 


Figure  6.10  Cyclic  PLA  Transient  I at  Sea  Level  Static 
Condition  from  Digital  Multivariable 
Control  Evaluation 
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TURBINE  INLET  TEHPERATURE  COMPRESSOR  VARIABLE  STATOR  POWER  LEVER  ANGLE 
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Figure  6.11  Cyclic  PLA  Transient  II  at  Sea  Level  Static 
Conditions  from  Multivariable  Control 
Evaluation 


output  reflects  the  slow  response  from  the  thermocouple.  The 
estimated  temperature  uses  scheduled  fuel  flow  error  as  the 
driving  input.  Compressor  vane  deflection  shows  regulator 
inputs  causing  a deviation  from  the  hardware  schedules, 
typically  more  axial  during  deceleration.  The  bleed  valve 
opens  during  deceleration  as  would  be  expected.  The  control 
output  tends  to  close  the  valve  as  would  be  expected  during 
accelerations.  The  surge  margins  show  acceptable  response. 

In  general,  large  transient  behavior  is  well  controlled. 

Small  perturbation  transients  are  shown  in  Figures  6.12 
and  6.13.  In  Figure  6.12,  the  engine  accelerates  to  inter- 
mediate power.  The  system  must  switch  from  trim  to 

temperature  trim  in  this  transition.  The  FTIT  estimator  out- 
put reflects  the  response  of  fuel  flow  while  the  actual  sensor 
output  barely  changes.  Acceleration  time  is  slowed  because 
of  the  limiting  action  on  temperature.  No  overtemperature 
or  thrust  overshoot  is  observed.  In  middle  power  regions, 
temperature  is  not  near  a limit  and  the  acceleration  is  more 
rapid  as  shown  in  Figure  6.13.  The  small  perturbation  response 
of  the  regulator  is  visible  in  the  error  signal  transient. 
Thrust  control  is  smooth,  rapid  and  well  damped. 

Several  runs  were  made  in  the  digital  evaluation  to  vali- 
date engine  protection  modes.  Figure  6.14  is  a deceleration 
to  idle  power  at  30K/0.9  to  test  burner  pressure  response. 

The  results  show  fast  deceleration  with  no  undershoot  in  burner 
pressure.  Figure  6.15  is  an  acceleration  to  intermediate 
power  at  OK/1.2,  where  the  engine  is  operating  near  a turbine 
temperature  and  burner  pressure  limit.  This  evaluation  was 
used  to  isolate  burner  pressure  overshoots  and  to  test  the 
integral  limit  accommodation  logic.  The  response  shows  a 
down-trimming  of  fuel  flow  to  prevent  temperature  and  pressure 
overshoots.  It  also  verifies  the  accommodation  of  burner 
pressure  and  turbine  inlet  temperature  limits.  During  the 


269 


time  (SEC)  time  (sec) 

Figure  6.12  Small  Perturbation  Step  Response  to  Intermediate 
Power  at  Sea  Level  Static  Conditions  from  the 
Multivariable  Control  Evaluation 


acceleration,  the  fuel  flow  response  does  not  show  any  inte- 
gral switching  transients. 

Disturbance  compensation  was  tested  using  augmentor 
pressure  and  engine  face  pressure  inputs.  The  augmentor 
disturbance  was  produced  by  stepping  the  jet  area  closed 
slightly.  Figure  6.16  shows  the  trim  action  of  the  control 
due  to  both  direct  augmentor  pressure  feedback  in  the  regu- 
lator and  trim  on  Ap/p  at  the  fan  exit.  Similarly,  a step 
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Figure  6.13  Small  Perturbation  Response  to  a Step  Input  - 
Middle  Power,  Sea  Level  Static  Conditions 
from  the  Multivariable  Control  Evaluation 


in  engine  face  pressure  shows  a thrust  change  quickly  trimmed 
to  a new  steady- state . There  is  no  appreciable  degradation 
in  surge  margins. 

Figure  6.17  shows  an  acceleration  from  idle  power  with 
full  deteriorations,  power  extractions  and  bleed  flow.  The 
thrust  response  is  not  affected  by  deteriorations  and  the  loss 
of  surge  margin  during  the  acceleration  is  negligibly  more 
than  without  installation  effects. 

Finally,  the  fail  safe  engine  protection  logic  was  tested. 
Figure  6.18  shows  an  acceleration  to  intermediate  power  at 
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•igure  6.14  Deceleration  from  Intermediate  to  Idle  at 
30,000  Ft,  Mn  = 0.9,  Holding  the  Minimum 
Burner  Pressure  Limit 


sea  level  static.  In  this  case,  the  maximum  fuel  flow  limit 
is  set  (scheduled  as  a function  of  burner  pressure)  to  be  only 
slightly  greater  than  the  equilibrium  running  line.  Thus,  the 
acceleration  of  the  engine  is  limited  severely.  This  test 
verifies  the  protection  logic  and  validates  the  actuator  limit- 
ing logic  in  the  integral  trim  control.  This  type  of  run  is 
useful  during  the  initial  phase  of  engine  testing  to  validate 
the  hardware  implementation. 

In  summary,  the  digital  evaluation  provided  a preliminary 
test  of  the  logic  at  a limited  set  of  flight  conditions  to 
validate  the  design  and  structure  of  the  control  and  to 
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Figure  6.15  Acceleration  to  Intermediate  Power  at  Sea  Level, 
Mn  = 1.2  Showing  Accommodation  of  Temperature 
and  Pressure  Limits 


justify  implementation  and  test  on  the  NASA  LeRC  hybrid  facil- 
ity. The  transient  and  Steady-State  criteria  for  engine 
protection  and  performance  were  successfully  achieved. 

6.3.3  Hybrid  Evaluation 

The  multivariable  controller  was  implemented  at  NASA  LeRC 
to  operate  the  detailed  hybrid  simulation  described  in  Ref. 

90.  An  evaluation  and  verification  of  the  performance  of 
the  controller  was  made  in  sufficient  detail  to  assure  safe 
and  reliable  operation  of  the  logic  and  digital  hardware  at 
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FOUR  PER  CENT  AUGMENTOR 
PRESSURE  STEP 


ONE  PER  CENT  ENGINE  FACE 
PRESSURE  STEP 


Figure  6.16  Accommodation  of  Pressure  Disturbances  at 
Sea  Level  Static  Conditions 


points  throughout  the  flight  envelope.  The  results  of  this 
evaluation  are  presented  in  Ref.  2.  Data  from  this  evaluation 
has  been  used  to  illustrate  various  topics  described  in 
Chapter  V.  A few  of  the  hybrid  results  are  presented  below 
for  completeness  and  for  illustration  of  the  total  performance 
of  the  controller. 

The  linear  quadratic  regulator  is  designed  for  smooth  and 
well  controlled  response  to  small  perturbations.  This  behavior 
is  used  for  small  and  large  transients  because  of  the  pertur- 
bational  form  used  in  the  control.  Also,  the  locally  linear 
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Figure  6.17  Acceleration  from  Idle  Power  at  Sea  Level  Static 
Conditions  with  Full  Specified  Deterioration 
and  Installation  Effects. 


(t  DESIGN) 


Figure  6.18  Acceleration  from  Idle  to  Intermediate  Power  with 
Fuel  Flow  Limit  Lowered  at  Seal  Level 
Static  Conditions 


analysis  is  predicted  on  the  ability  of  the  controller  to 
perform  well  at  off-design  conditions  between  two  linearization 
points.  In  the  example  below,  the  controller  is  operated  at 
lOK/1.2  in  the  middle  power  region.  This  flight  point  lies 
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midway  between  the  two  design  points  at  OK/0  and  OK/1.2  as 
illustrated  in  Figure  5.14.  Also,  the  base  power  condition, 
PLA=52°,  is  midway  between  intermediate  and  idle  power.  At 
this  point,  the  gains  are  scheduled  on  both  power  condition 
and  density. 

The  responses  in  Figure  6.19  show  the  state  and  control 
variable  time  histories  for  a 3°  PLA  step  input  at  this  condi- 
tion. The  thrust  response  is  also  included  because  it  is  the 
most  sensitive  to  poorly  controlled  accelerations.  The  opera- 
tion of  the  engine  is  not  constrained  by  any  physical  limits. 
Trim  is  accomplished  using  scheduled  low  rotor  speed  and  Ap/p. 

The  engine  acceleration  proceeds  when  the  PLA  input 
changes  the  references  on  both  states  and  controls.  Fuel  flow 
rises  quickly  due  to  the  step  reference  change  and  the  regu- 
lator error  terms.  This  overdriving  effect  tends  to  increase 
the  high  rotor  speed  quite  quickly  as  illustrated  in  the  figure. 
The  lag  in  the  fuel  flow  response  is  associated  with  the  pump. 
This  lag  and  the  high  rotor  speed  time  constant  form  the 
first  portion  of  the  transient.  The  compressor  speed  also 
overshoots.  This  causes  the  fan  rotor  system  and  thrust  to 
increase  rapidly.  The  high  rotor  overshoot  causes  fuel  flow 
to  be  reduced.  High  rotor  speed  decreases.  This  is  coordin- 
ated with  the  fan  speed  response  to  produce  the  required 
acceleration  and  thrust  response  without  overshoot. 

The  character  of  this  time  history  illustrates  optimal 
thrust  behavior  as  specified  in  the  regulator  synthesis.  It 
would  not  be  optimal,  for  example,  if  high  rotor  speed  excur- 
sions were  of  primary  concern.  A controller  characterized  by 
less  overshoot  in  high  rotor  speed  would  result  in  slower 
thurst  response.  The  ability  to  specify  the  important  control 
criteria  during  the  regulator  synthesis  process  makes  linear 
optimal  design  very  attractive  and  flexible. 
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Figure  6.19  Three  Degree  Power  Lever  Angle  Step  Response  at 
an  Off-Design  Condition,  52/10K/1.2,  from  the 
Hybrid  Simulation 


It  should  be  noted  that  only  the  aspects  of  the  fuel  flow 
behavior  are  discussed  above.  The  other  actuators  are  modu- 
lated in  a similar  fashion  to  produce  control  forces  which 
cause  a coordinated  engine  acceleration.  Problems  common  in 
single-loop  designs  associated  with  "crossed  controls"  (i.e., 
two  controls  producing  cancelling  effects)  are  avoided  in  this 
procedure . 
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The  regulator  functions  to  accommodate  perturbation 
responses  and  disturbances.  A small  input  is  illustrated 
above.  The  primary  disturbance  to  the  engine  occurs  during 
augmentor  ignition.  A pulse  occurs  because  a finite  fuel  flow 
rate  is  required  to  sustain  combustion.  When  this  is  achieved, 
the  augmentor  fuel  ignites  and  causes  a sharp  pressure  spike 
in  the  tail  pipe.  It  quickly  propagates  through  the  bypass 
duct  to  the  fan  exit.  This  additional  back  pressure  on  the 
fan  has  the  effect  of  loading  the  disc  and  moving  the  fan 
operating  point  toward  surge.  In  regions  of  the  flight  envelope 
with  low  operating  pressures,  the  ignition  pulse  can  cause  a 
large  pressure  ratio  change  across  the  fan  and  instabilities 
if  not  properly  accommodated. 

The  multivariable  control  was  not  designed  to  modulate 
the  augmentor  fuel  supply  and  distribution  system  of  the  FIDO. 
However,  augmentor  operation  can  be  implemented  as  shown  in 
Figure  6.20.  The  multivariable  controller  produces  pertur- 
bational  area  commands  with  the  bulk  of  the  trim  being 
accommodated  by  the  current  augmentor  logic.  In  this  scheme, 
multivariable  control  of  the  exhaust  nozzle  area  would  limit 
pulses  caused  by  mis-match  in  the  nozzle  area  feedforward. 

The  controller  was  operated  without  the  nozzle  area  feed- 
forward implemented.  In  this  mode  it  must  accommodate  all  of 
the  ignition  pressure  pulse  through  the  feedbacks  on  the  aug- 
mentor pressure,  and  the  fan  exit  Ap/p.  The  higher  bandwidth 
control  action  is  caused  by  the  proportional  feedback  of 
pressure  through  the  regulator.  The  nozzle  area  is  then  trim- 
med at  the  slower  integral  time  constant. 

The  results  of  a simulated  augmentor  ignition  at  a low 
pressure  operating  point,  65K/0.9,  are  shown  in  Figure  6.21. 

The  augmentor  fuel  flow  is  stepped  to  a representative  seg- 
ment ignition  value  at  this  flight  condition.  This  ignition 
produces  a pressure  step.  The  augmentor  pressure  pulse  is 
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Figure  6.20  Augmentor  Control  Logic  Implementation 

Schematic 


barely  above  the  noise  level  at  this  low  pressure  operating 
condition.  However,  this  disturbance  results  in  a 301 
degradation  in  fan  stability  margin.  The  increased  loading 
on  the  fan  causes  a decrease  in  fan  speed.  This  transient 
illustrates  the  requirement  for  anticipatory  feedforward  logic 
on  the  nozzle  area.  The  fan  speed  response  is  not  fast  enough 
to  act  as  a feedback  variable  because  of  the  inherent  speed 
time  constant.  The  augmentor  pressure  measurement  senses  the 
disturbance  but  it  contains  too  much  noise  to  accommodate  a 
high  gain  feedback  without  excessive  filtering.  Direct 
augmentor  ignition  detection  or  augmentor  fuel  manifold 
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modeling  the  controller  could  also  provide  the  necessary 
signal  for  pressure  spike  attenuation. 

The  augmentor  pressure  feedback  provides  about  30%  of 
the  required  nozzle  area  and  CIW  response  on  the  pulse  lead- 
ing edge.  The  nozzle  area  then  follows  the  fan  speed  error. 

The  CIW's  are  deflected  to  help  alleviate  the  overpressure. 
Finally,  the  integral  trim  action  is  dominant  as  illustrated 
in  the  figure.  The  high  bandwidth  rotor  speed  perturbation 
and,  finally,  low  bandwidth,  high  accuracy  Ap/p  trim  action 
are  simultaneously  utilized  to  accommodate  the  disturbance  and 
maintain  the  engine  operating  point  satisfactorily. 

During  the  hybrid  evaluation,  a closed- loop  frequency 
response  was  performed  on  the  multivariable  controller  running 
the  FIDO  simulation.  Sinusoidal  power  lever  inputs  were  large 
enough  to  produce  readily  detectable  outputs  for  frequency 
analysis.  The  results  are  shown  in  Figure  6.22.  The  altitude 
condition  chosen  was  45K/0.9  at  conditions  below  intermediate 
power.  The  response  of  the  engine  for  this  test  was  represented 
by  the  PLA  to  thrust  transfer  function. 

The  transfer  function  shows  a well  damped  complex  pair 
or  two  real  roots  dominating  the  response.  The  closed-loop 
bandwidth  of  the  system  is  significantly  improved  at  this 
flight  condition.  The  lower  magnitude  PLA  input  has  a slight- 
ly higher  closed-loop  bandwidth.  This  is  a result  of  the 
rate  limiting  nature  of  the  transition  controller  which  pro- 
tects the  engine  during  large  transients.  However,  the  effect 
of  the  perturbational  control  structure  on  the  bandwidth  is 
small.  This  is  indicative  of  a robust  perturbational  control- 
ler and  transition  rates  of  a suitably  large  magnitude.  The 
slight  droop  in  the  amplitude  response  at  mid- frequency  is 
caused  by  the  near  cancellation  of  the  high  rotor  speed  root 
in  the  thrust  response  by  the  feedback  system.  This  canel- 
lation  is  forced  by  the  quadratic  weighting  of  the  thrust 
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Figure  6.22  Frequency  Response  of  Multivariable  Controller  and 
FIDO  Engine  at  45K/0.9  from  the  hybrid  Evaluation 
Showing  Thrust  Response  to  PLA  Inputs 


states  in  the  design  which  causes  the  control  to  modulate  the 
low  rotor  speed  system  quickly  while  not  controlling  over- 
shoots in  the  high  rotor  speed  as  discussed  at  the  beginning 
of  this  section. 

The  final  illustration  of  the  multivariable  control  per- 
formance from  the  hybrid  evaluation  shows  the  flexibility  of 


282 


the  design  procedure.  One  problem  in  classical  engine  control 
for  transient  response  is  the  development  of  accurate  engine 
limiting  schedules.  Output  and  Input  Limiting  is  required 
to  produce  systems  which  can  accommodate  large  transients 
safely  and  quickly.  In  the  multivariable  controller,  the 
transition  logic  is  self-contained  and  independent  of  the 
reference  scheduling,  trim,  or  regulator  function.  Thus, 
there  is  a direct  control  of  the  acceleration/deceleration 
response  without  affecting  regulator  gains,  schedules,  etc. 

In  Figure  6.23,  the  baseline  transition  rates  were  re- 
designed for  faster  thrust  response.  In  this  case,  the  rates 
were  calculated  by  doubling  the  thrust  rate  design  parameter 
and  assuming  zero  nozzle  area  rate.  The  set  of  compatible 
state  and  control  rates  were  directly  substituted  into  the 
controller  without  any  other  change.  The  thrust  responses  in 
the  figure  show  a decrease  in  the  idle  to  intermediate  response 
time.  This  increased  response  produces  a,  decreased  surge  mar- 
gin initially  as  would  be  expected.  The  small  perturbation 
response  and  responses  to  other  transients  at  other  flight/ 
power  conditions  are  not  affected.  It  is  also  possible  to 
use  this  functional  modularity  for  optimized  transient  trajec- 
tories which  reflect  a minimization  of  some  type  of  constrained 
objective  function  such  as  time  to  90%  thrust  level  [57]. 

The  overall  results  of  the  hybrid  evaluation  are  summar- 
ized below  [2 ] : 

"In  general,  the  results  of  the  evaluation  indi- 
cate that  the  engine  testing  of  the  multivariable 
control  should  be  conducted  as  planned.  It  is 
felt  that,  with  minor  modifications,  the  multi- 
variable  control  logic  and  its  implementation 
will  provide  acceptable  steady-state  and  transient 
performance  at  all  flight  conditions  and  power 
settings . 

Considering  the  fact  that,  in  approximately  ten 
months,  a control  design  for  the  FlOO  engine  was 
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Figure  6.23  Engine  Response  Comparison  at  Sea  Level,  Static 
Conditions  for  an  Idle  to  Intermediate  to  Idle  Input 
with  the  Fast  Response  Control  Parameters  (from  the 

Hybrid  Simulation) 


accomplished,  it  must  be  concluded  that  the 
computer-aided  approach  to  designing  multivariable 
controls  is  a practical  solution  to  the  engine 
control  problem.  The  results  of  the  evaluation 
indicate  that  the  approach  to  solving  the  nonlin- 
ear control  problem  is  also  practical.  The  imple- 
mentation of  the  control  logic  on  the  SEL  810B 
digital  computer  has  demonstrated  that  a practical 
LQR  control  can  be  implemented  on  a digital  compu- 
ter having  many  of  the  characteristics  of  flight- 
qualified  computers.  The  core  requirements  (7. IK) 
and  update  time  (10  ms)  are  comparable  to  the 
requirements  of  flight-qualified  digital  controls 
such  as  the  IPGS  control  and  the  FlOO  Electronic 
Supervisory  Control." 


CHAPTER  VII 


SUMMARY,  CONCLUSIONS  AND  RECOMMENDATIONS 


7 . 1 SUMMARY 

Modern  aircraft  turbine  engine  designs  provide  the  con- 
trols engineer  with  a variety  of  sensors  and  actuators  for  use 
in  transient  and  steady-state  operations.  Classical  designs 
have  relied  on  hydromechanical  fuel  control- -speed  governor 
implementations  for  gross  transient  response  with  more  sophis- 
ticated control  action  used  in  steady-state  regulation  and 
trim.  The  incorporation  of  digital  processing  capability  into 
the  system  allows  integrated  control  action  to  meet  advanced 
steady-state  and  transient  performance  requirements.  It  is 
possible  to  apply  linear,  quadratic  regulator  synthesis  theory 
to  the  design  of  multivariable  engine  control  systems  for 
operation  throughout  the  flight  envelope.  The  advantages  of 
such  procedures  include:  (1)  enhanced  performance  from  cross- 
coupled  controls,  (2)  maximum  use  of  engine  variable  geometry, 
and  (3)  a systematic  design  procedure  which  is  efficiently 
applied  to  new  systems. 

A multivariable  control  system  for  the  FIDO  turbofan 
engine  has  been  described.  The  theoretical  foundations  of 
locally  linearized  control  have  been  reviewed  and  it  has  been 
shown  that  the  resulting  form  of  the  control  law  dictates  the 
implemented  control  structure.  Basic  components  of  the 
control  include:  (1)  a reference  value  generator  for  deriv- 
ing an  approximate  equilibrium  state  and  control  vector, 

(2)  a transition  model  to  produce  compatible  reference  point 
trajectories  during  gross  transients,  i5)  gain  schedules  for 
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producing  feedback  terms  appropriate  to  the  flight  condition, 
and  (4)  the  integral  switching  logic  to  produce  acceptable 
steady-state  performance  without  exceeding  engine  operating 
limits.  The  design  philosophy  for  each  component  is  described 
and  the  details  of  the  FlOO  implementation  presented. 

The  fundamental  aspects  of  locally  linear  control  synthe- 
sis are  discussed  in  Chapters  III  and  IV  as  applied  to  the 
synthesis  of  the  control  and  the  functional  requirements  of 
the  structure.  The  engine  may  be  modeled  as  a nonlinear 
dynamical  system  utilizing  fundamental  aerothermodynamic 
principles.  For  engine  development,  detailed  digital  simu- 
lations including  thorough  component  maps  and  experimentally 
correlated  gas  path  equations  are  utilized  as  in  the  FlOO 
transient  simulation  deck.  These  programs  are  too  complex 
for  control  synthesis,  but  are  useful  in  evaluating  a candi- 
date design. 

Locally  linear  models  can  be  generated  from  nonlinear 
simulations  or  experimentally  from  engine  data  via  system 
identification.  These  models  are  valid  in  the  neighborhood 
of  an  equilibrium  point  and  describe  perturbation  motion  away 
from  equilibrium.  The  linear  model  can  be  reduced  in  order 
to  include  only  conveniently  measurable  elements  and  important 
dynamics  relative  to  the  control  objective.  A modal  reduction 
procedure  is  described  in  Chapter  IV  to  bring  the  linear  equa- 
tions into  a tractable  design  form. 

The  regulator  matrix  is  synthesized  using  linear  quad- 
ratic optimal  regulator  procedures  described  in  Chapter  III. 
The  performance  index  is  chosen  by  the  designer  to  weight 
important  transient  response  factors  for  the  particular  flight 
condition.  Examples  of  such  transient  specifications  are 
adequate  thrust  response  near  intermediate  power,  elimination 
of  burner  pressure  undershoots  at  low  power/high  altitude 
points,  adequate  surge  margin  and  thrust  stability. 
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Integral  trim  gains  are  calculated  using  a multivariable 
synthesis  procedure  which  specifies  spectrally  decoupled  trim 
roots.  The  piecewise  linear  control  commands  produced  by  this 
procedure  do  not  excite  unfavorable  transients  due  to  the 
switching  action. 

Figure  7.1  shows  a schematic  representation  of  the  digital 
controller.  Each  functional  component  of  the  system  produces 
an  element  of  the  multivariable  feedback  law.  The  feedback 
law  itself  represents  an  optimal  regulator  structure  with 
integral  trims  for  steady-state  accuracy  and  a model  following 
implementation  to  prevent  saturation  during  transients. 

The  control  law  is  written  for  state  and  control  pertur- 
bations about  an  equilibrium  condition.  The  equilibrium 
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conditions  must  be  derived  approximately  by  the  controller 
given  the  requested  power  level,  altitude,  and  Mach  number. 
Because  of  manufacturing  tolerances  and  engine  aging,  an 
exact  expression  for  these  quantities  is  not  possible  (see 
Section  5.4).  The  regulator  is  tolerant  of  the  schedule 
errors  and  produces  smooth  transient  responses  without  an 
overly  complex  implementation. 

When  a large  transition  in  power  is  requested  by  the 
pilot,  the  perturbation  character  assumed  in  the  regulator 
design  is  lost.  A large  change  in  the  reference  state  vector 
will  producv  significantly  nonlinear  behavior.  The  regulator 
can  be  used  to  track  a compatible  trajectory  taking  the  system 
from  one  state  to  another.  Exact  calculation  of  such  trajec- 
tories is  complex  and  their  practical  implementation  has  not 
been  investigated.  A first-order  approximation  (see  Section 
4.5)  to  an  achievable  state  trajectory  can  be  directly  calcu- 
lated from  the  linearized  models.  The  transition  model 
prevents  large  error  terms  from  saturating  actuators  during 
gross  transients  while  still  providing  robust  regulation  near 
steady-state  conditions. 

The  dynamic  response  of  the  engine  is  strongly  affected 
by  the  mass  flow  of  air  through  the  system.  Power  level, 
altitude,  and  Mach  number  determine  mass  flow  and,  hence,  the 
response.  The  linearized  control  synthesis  procedure  produces 
regulator  gains  which  control  the  engine  satisfactorily  in  the 
neighborhood  of  the  design  flight/power  point.  To  implement 
a continuous  envelope-wide  controller,  the  gains  must  be 
varied  as  the  system  makes  the  transition  from  one  condition 
to  another  (see  Section  4.4). 

There  is  no  precise  analytical  relationship  between  gains 
at  neighboring  linearization  points.  While  engine  time  con- 
stants can  be  modeled  as  functions  of  the  ambient  conditions, 
the  performance  index  is  chosen  by  the  designer  to  satisfy 
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specifications  particular  to  the  flight  point.  The  procedure 
adopted  approximately  fits  important  gain  elements  with  uni- 
variate functions  of  the  engine  face  density  and  rotor  speed 
(see  Section  5.7).  Dominant  gain  elements  are  determined 
by  assessing  the  closed-loop  eigenvalue  sensitivity  of  the 
system  to  each  gain  element  and  eliminating  those  which  do 
not  affect  closed-loop  response. 

The  characteristic  behavior  of  aircraft  turbine  engines 
dictates  that  steady-state  performance  is  obtained  at  various 
flight  conditions  only  when  a particular  physical  limit  is  held 
exactly.  At  lower  power  levels,  the  engine  operation  should 
cause  the  airflow  and  low  rotor  speed  to  attain  predetermined 
values  for  optimum  efficiency.  At  altitude  conditions,  the 
minimum  burner  pressure  defines  engine  idle.  Inlet  airflow 
requirements  and  burner  burst  pressure  determine  operating 
conditions  at  some  supersonic  flight  points. 

The  engine  set  point  is  a group  of  reference  values  of 
states  and  controls  which  the  engine  must  attain  exactly  in 
steady- state . The  integral  trim  logic  (see  Section  5.8) 
provides  smooth  and  controlled  engine  transitions  in  power 
and  flight  conditions  which  yield  optimum  envelope-wide 
performance . 

The  FlOO  multivariable  control  has  been  implemented  on 
an  SEL  810B  general-purpose  digital  computer  and  evaluated 
on  a hybrid  computer  simulation  of  the  engine  at  the  NASA 
Lewis  Research  Center.  it  has  been  evaluated  on  the  digital 
simulation  developed  by  Pratt  § Whitney  Aircraft  Group.  The 
evaluation  results  are  presented  in  Chapter  VI. 

7.2  CONCLUSIONS 

It  is  concluded  that  the  multivariable  control  design 
procedure  used  on  the  FlOO  engine  offers  a highly  systematic 
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methodology  for  designing  and  integrating  multivariable  control 
systems  for  advanced  engines.  The  basic  requirement  for  linear 
quadratic  regulator  design  is  a method  for  determining  a linear 
control  model.  Simulation  methods  provide  models  accurate 
enough  for  control  design  purposes.  Linear  model  analysis  is 
required  to  resolve  issues  of  minimum  sensitivity,  compatibil- 
ity with  large  transient  operation  and  implementation  consid- 
erations. These  requirements  can  be  satisfied  with  specialized 
algorithms . 

Linear  controllers  can  be  integrated  into  a large  transi- 
ent control  design  utilizing  several  procedures.  A detailed 
analysis  of  the  envelope  is  required  to  identify  regimes  of 
operation.  Reference  point  feedforward  is  used  to  specify  the 
operating  point.  Multivariable  transient  logic  is  used  to 
specify  trajectories  and  avoid  physical  limits.  Foi  the  FlOO 
engine,  decoupled  integral  trim  control  can  be  used  to  accom- 
modate set  point  changes  and  minimize  boundary  violations. 

It  is  concluded  that  the  design  procedure  produces  a 
highly  modularized  controller  to  easily  accommodate  refinement, 
engine  modifications  and  additions.  The  controller  is  robust 
to  modeling  error,  disturbances  and  sensor  degradation.  The 
controller,  designed  on  the  basis  of  a continuous  model, 
performs  well  for  specified,  finite  bandwidth  computer  imple- 
mentation. 

7.3  RECOMMENDATIONS 

The  control  logic  has  been  evaluated  in  detail  on  the 
full  nonlinear  digital  simulation  and  the  hybrid  simulation  at 
NASA  Lewis  Research  Center.  At  the  latter  installation,  the 
control  is  implemented  on  the  SEL  810B.  It  is  recommended  that 
the  logic  be  used  to  run  the  FIDO  engine  in  the  altitude  test 
facility  in  Phase  II  of  this  program. 
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Linear  model  analysis  has  produced  many  interesting 
results.  It  is  recommended  that  further  analysis  and  verifi- 
cation of  the  linear  model  behavior  be  undertaken  to  correlate 
the  results  and  evaluate  the  model  generation  procedure. 

Engine  test  data  should  be  used  in  this  analysis  to  validate 
the  nonlinear,  digital  simulation  models. 

It  is  recommended  that  further  integration  of  the  control- 
ler be  undertaken  to  investigate  couplings  between  the  inlet, 
engine  and  airframe.  The  multivariable  control  structure  is 
directly  compatible  with  this  type  of  integration  and  such 
a system  would  offer  unusual  propulsion  versatility. 
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